First Order Predicate Logic

Predicate logic

We began the course by considering classical
fogic, which allowed us to evaluate thhe truth
values of sumple statements. Predicare logic
extends this by allowing us to consider
statements containing variables.

Examiples:
Zreer () ™M 15 STreern
happy () > 1z happy

Theze have Boolean values (true or falze), 2o
can be combined withh logic connectives:

—happy ()
rich () .~ famous ()
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First Order Predicate Logic

an alzo define predicates in terms of other
predicates:

succezzful (x) = rich (x) o famous (X))
Zirl (x) = child (x) .~ female (x)
Predicates can have more than one variable —-

e.g. binary predicates:

father (v > 1= the father of v
loves (x,v) > loves v

More generally, rr—ary predicates:

better-plaver (X, v.Z)
> 15 A better plaver thian v at =

MAoztlyv, only usze binary or unary predicates .
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First Order Predicate Logic

Exvaluating predicates

T o evaluate the truth value of a predicate, must
assizgrn values to (insranfiare) all of 1ts variables:

loves (M. mlkcnown

Can’t evaluate because it contains free variagbles.

Howewver:
lovez (Helen, dAalcolrn) true
loves (Wiilliam H, T oy B falze

Can alzo partly azsign variables:
loves (x, Tulie)

This carn be regarded as a predicate 1tzelf:
loves JTulie (x) = loves (x, Julie)

that iz_ “"x loves JTulie. ™
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First Order Predicate Logic

In fact, statements of classical logic can be
conzidered as predicates with fully azsigned

variables:

The =k 1z blue. blue (k)
Puff 15 a green dragon.
(Filez loves LA
Fither Alastair or K ath is right.
If Puff iz a dragorn,
thernn hhe can iy,

[Can even regard thhe atoms frite and _Ffafse as

predicates:
truae (O
falze (O

containing 1o variables at all. ]
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First Order Predicate Logic

Predicates as functions

Formally, we can define a predaicate as a
particular kirnd of function.

By analogy:

= true
2+ true o false
MY P = q
F(x)+ 2 (D greern () o~ dragon ()

CCan regard predicate as a function from aset S to
the zet {true, falze} .

The values for x are dravwn from S5 ——- as with
relations, vusually must 2pecify the z=et of interest
when defining thhe predicate.

In thhis view, a predicate 15 a kind of rfes7r, or
coticdition o the members of 5.
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First Order Predicate Logic

Predicates as relations

Srnother way of lookings at binary predicates 1= as
relatiorns:

P (x.y) iff (x.y) = K
For examiple:

[Ioredicates]
father (Philip, Charles)
father (Charles, VWilliam)
father (Charles, Harrv)

[relation ]
E = {(Philip, Charles), (Charles, Wiilliar ),
(Charle=s, Farrv )}
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First Order Predicate Logic

Quantifiers

So far, we can only malkte staterments about
corncrete subhjectz. Would lilke to tall about thhingss
lilkke <87 sorrre, 1r0orre, FF1y . ..

Need guantifiers.

The werriversal gquantifier:

A for all

expreszses a staterment about all members of the set.

Examples:
11 mmern are mortal. wa = {ment: rmortal (o)
MNot evervorne 1z luck . — v luclky ()

hdnzst be careful about negation!
MNo one 12 perfect.
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First Order Predicate Logic

The exisfernfica/ quantifier:

= thhetre exists
(... such thhat)

expreszses a statement about at least one member
of the zet.

Examples:
SOoimeore 13 A Wintrer. A= winmer ()
arnd doesn™t know it.

A 1th negatiorn:
Somme people are unlucksy.
There does not exist arnvyone
who 15 perfect.

Cuantifiers are needed to properly evaluate
statements like “"green (), wlich contain free
variables .
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First Order Predicate Logic

IDualitss

e zee thhat '+ and 3 can be converted imito each
other nsing —.

— v P () —dx: P (D
Not all x are P. No x 1z P
dx: —F () o — P ()
Some x 18 ot P S11 x are ot P

YWhich of thhezse sets of statements 1z stronger”
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First Order Predicate Logic

Juantifiers can be formally definned just i terms
of thhe ~ and - operators thiat we already lkrnow.

The urnmiverzal guantification
N = {517 527---=Sn}:P(K)

12 eguivalent to:
F (310 ~F (32~ ... ~P (3,0
while the exiztential guantificatior:
Ax = {81, 89, ... 8,5 P (x)
iz egquivalent to:

P () v P (s) v ... vP(s)

So the distrmibutive law of — over v and 3
follows directly from its application to o~ arnd .
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First Order Predicate Logic

Quantifiers and implication

S particularly amportant class of statements
involve guantifiers and the implication operator.

For exampiple:
M rises (M) —= converges ()
[due to Flannery (O C oot |

an alzo rewrite the (Greelk sv1llogizsin:
VR oman () — mortal ()

In zeneral, a statement of thhe form:
wa = 50 P(x)

can be revwritterr:
M 5 () — P (x)

by introducinges a new predicate for set
mermbership, il 5.
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First Order Predicate Logic

More examrmples:
11 green dragons carn iy
The child of a dragorn 15 alvwayvs a dragorn.
Some red diagons can’t il

—dx: man (x) .~ 1zland (x)
waI good (X)) — ends ()
> watchings (, 1tie)

AMWhat are the negations of theze?

What aboaat:
11 dragons are friends withh each othher.
Evern doragorn has a red chald.

11 dragons with children are happy . (tricky )

INeed multiple guantifiers.
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First Order Predicate Logic

MNultiple guantifiers

Since guantified statements are themselves
statements (albeit with fewer free variables), we
can nest gquantifiers.

vy Irmiernnd (v
IDNAPORTADNT: Order rmatters.
I dv: needs (x_3v)

VS Ay v needs (x_3v)

Mo tmnan 12 good enongh for a father™ s daughter.
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First Order Predicate Logic

Quantifiers and connectives

YWe can even take guantified staterments and
combine thhem withh our uzual logical conmnectives:

[ wwiny ()] o~ [dxx: 1loze (x)]
[+ ready ()] —= can flv (roclket)

Ee carefuil, consider:

w . male (x) o female (x)
VE [ male ()] ~ [+ fermale ()]

Can everl hhave:
A cluld (v
wa [dv: clild (v.ox) ] = happy (X))
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