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First Order Predicate Logic (FOL) — Formulas

Let > = (S5, (2) be a signature.
PL(X) is the smallest set with
(i) t=ue PL(X),
if X set of variables for X, s € S, t,u € Ty x) s
(II) ( 1 N\ QOQ) = PL(Z) If P11, P2 € PL(Z),
(iii) (—p) € PL(Y) if o € PL(X),
(iv) (Vz:s.p) e PL(Y) if
s € S, x variable of sort s, and ¢ € PL(X).
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FOL — Classical Abbreviations

(1 V o) for (=((—p1) A (m2)));
(1 = ©2) for ((—ep1) V ¥2);
(¢1 & ©2) for ({1 = p2) A (w2 = ¢1));

(Vz1:81,...,2:8:.p) for
(dz1:81,. .., 8. ) for
T for
F for

(01, (P9, (o3 arbitrary formulas,
1 @ a fixed but not further specified formula.

(
(
(
(Az:s.p) for Eﬂ(Vx:s.(—'gp)));
(
(
(
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Conditional Terms in CASL

11,12 : Terms
F' : Formula

conditional term in CASL: T1 when F else T2
The enclosing atomic formula

‘A[T'1 when F else T2]

expands to

(A[T1] if F)A (A[T2] if —F).
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Free Variables

Let

>, be a signature,
p € PL(X) be a formula.

The set free(y) is defined by induction on the structure of

© :
(i) free(t =u) = Var(t) UVar(u)
(if) free(pr A @) = free(pr)U free(ps)
(i) free(=(v)) = free(p)
(iv) free(Vx:s.p) = free(p)\{z}
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An easy Notation

Let f: A — B be a function,
a,b elements (a € A,b € B allowed, but not requiered!)

AU{a} — BU{b}

flb/a] = , . {b;( ) r=a
f(x); else
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Semantic of Formulas

Let > be a signature,
A be a X-algebra,
¢ € PL(X) be a formula, and
o : X — A be an assignment with X D free(y).
The value A(a)(p) € {true, false} is defined
by induction on the structure of ¢ :
(i)  Ala)(t =u) = true iff A(a)(t) = A(a)(u).
(i) A(a)(p1 A o) = true iff A(a)(p1) = true and A(a)(ps)
(iii)) A(a)(not(yp )) = true iff A(a)(p) = false.
(iv) A(a)(Vx:s.p)) = true iff A(ala/x])(p) = true
for all a € A(s).
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FOL — Satisfaction Relation
Let > = (S, €2) be a signature.

A= piff
A(a) () = true for all assignments « : free(yp) — A.
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CASL-Syntax for FOL

BASIC-ITEMS: := SIG-ITEMS

| forall VAR-DECL ;...; VAR-DECL
".," FORMULA "."..."." FORMULA ;/

SIG-ITEMS ::= sort/sorts SORT-ITEM;...;SORT-ITEM;/

| op/ops OP-ITEM ;...; OP-ITEM ;/
SORT-ITEM = SORT ,..., SORT
OP-ITEM = OP-NAME ,..., OP-NAME : OP-TYPE
OP-TYPE = SOME-SORTS -> SORT | SORT
SOME-SORTS ::= SORT *...*x SORT
VAR-DECL = VAR ,..., VAR : SORT
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FORMULA ::= TERM = TERM

( FORMULA )

FORMULA /\ FORMULA /\ ... /\ FORMULA

FORMULA => FORMULA

FORMULA if FORMULA

QUANTIFIER VAR-DECL ;...; VAR-DECL
" " FORMULA

FORMULA \/ FORMULA \/...\/ FORMULA

FORMULA <=> FORMULA

not FORMULA

true | false
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spec BOOLEAN =

sort Bool;
ops TRUE, FALSE : Bool;

NOT . Bool — Bool;

__AND__ . Bool x Bool — Bool;
forall =,y : Bool
e 2 = TRUE V z = FALSE %(no_junk)%
e - TRUE = FALSE % (no_confusion)%
e« NOT(TRUE) = FALSE %(NOT_TRUE)%
e« NOT(FALSE) = TRUE %(NOT_FALSE)%

e 2 AND y =y when x = TRUFE else FALSE %(AND)%
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spec DATABASE =
sort Database; String; Nat
ops nitial : Database;
0 . Nat;
look_up : Database x String — Nat;

update : Database X String x Nat — Database
forall s : Database;n : Nat; v, w : String

o look_up(initial,v) = 0 %(initial)%

¢« UV = W = %(1_up_1)%
look _up(update(s,v,n),w) = n

¢« UV = W = %(l_up_2)%

look _up(update(s,v,n), w) = look_up(s, w)
end
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%prec {__+ __,__— __}t<{__x__,__div__,__mod __}

spec NAT =

sort Bool;

ops TRUE, FALSE : Bool;
sort Nat;

ops 0 . Nat;
SUC . Nat — Nat;
__< __ : Nat x Nat — Bool;

forall n, m : Nat
e 0 <suc(n) = TRUFE

e suc(n) <0 FALSE
e suc(m) < suc(n) = m<n
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__dw__, __mod__ . Nat x Nat — Nat;
forall n,m,r,s: Nat
e UO4+n = n
e suc(m)+n = suc(m -+ n)

e M—NMN=Tr<="mMm=7r+n

e Oxn = 0

e suc(m)*xn = mx*xn+n

e mdivn=7r <& (ds: Natem=n*xr—+s/As<mn)

e mmodn=s < (dr: Natem=nx*xr+sAs<n)
end
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spec ARRAYOFNAT = NAT then

sort Array;

ops mazindex, error : Nat;
initial . Array;
) . Array X Nat — Nat;
= . Array x Nat X Nat — Array;

forall A : Array;i,7,e : Nat

e initially = error

e j <= marindex = FALSE = Al = error

e 7 <=mazindex = TRUE N j = 1 =
(Alv :=e)ly = e

e j <=maxindex = TRUE N -] = i =
(Ali:=¢e)ly = Al
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spec Bl =
sort Bool;
ops TRUE,FALSE : Bool; __AND__ : Bool X Bool — Bool;
forall z,y : Bool
e z = TRUEF V z = FALSE
e - TRUE = FALSE
forall z,y : Bool
e 1 AND y = y when x = TRUE else FALSE

end

spec B2 =

forall xz,y : Bool

e TRUE AND TRUE = TRUE
e TRUE AND FALSE = FALSE
e FALSE AND TRUE = FALSE
o FALSE AND FALSE = FALSE

end

spec B3 =

forall z,y : Bool

e z AND y = y AND z

e TRUE AND y = y

o FALSE AND y = FALSE

end
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Polymorphic Specifications

spec AUTOMATA = BOOLEAN then
sort State, Alphabet
ops nitial : State;
———__——> __: State % Alphabet x State — Bool
end
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spec DIRECTEDGRAPH = BOOLEAN then
sort Node

op __connectedWith__ : Node * Node — Bool
end

spec UNDIRECTEDGRAPH = DIRECTEDGRAPH then
forall n, m : Node

e 1 connectedWith m = m connectedWith n

end

Markus Roggenbach: Algebraic Specification, November 13, 2001 (&)



