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LECTURE 1,2: INTRODUCTORY MATERIAL

Books

Thereareanumberof goodbooksonpatternrecognition.I would,however, suggest
amixtureof thefollowing:

1. Fukunaga, Introductionto StatisticalPatternRecognition.

2. Ripley, PatternRecognitionandNeural Networks.

3. Bishop,Neural Networksfor PatternRecognition.

4. Schalkoff, PatternRecognition: Statistic,Structural andNeural Approaches.

5. Kittler, PatternRecognitionTheoryandPractices.

6. Devijver, PatternRecognition: A StatisticalApproach.

Thesewill cover almostall thework on this coursein combination,andfor mostof
themin isolation.

Background

We, ashumanbeings,canperforma largenumberof patternrecognitiontaskswith
ease;considerlisteningto aconversationin acrowdedroom:� How doweseparateasinglesource(speaker) from all theothers?� How doweprocessthewords?

Considerfurtherrecognisinga facein acrowdedscene:� How dowe identify faces?� How dowe identify aparticularface?

In amedicalcontext:� How is a tumourrecognisedin anMRI image?� How is aprognosisarrivedat from patientinformation?

Thelast few of thesetaskscantax eventhebestclinicians;canmachinesever hope
to competewith humans?
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Historical Perspective� Symbolsof scenes(neolithic)� Mapping� Occam’s razor� Perspective respresentationsin art� Calculusof probabilities(ThomasBayes)� Axiomatic foundationsof probabilitytheory� Digital imagingfor spaceprogram� Machinelearning/ AI� Structuralandsyntacticapproaches� Robotics/ machinevision� Neurally-inspiredmethods� Appliedstatisticaltheory

Currenttrendsin computershaveawide-scaleeffectonpatternanalysis� Speed� Parallelism� Novel architectures

Classificationand Regression

We will treatboth techniquesasmappingproblems,suchthatsomeinput variable,� , generates(is mappedto) someoutputvariable� via amappingfunction � , i.e.� � ���� �
Any problemmaybereducedthento finding anoptimalmapping� . In thecaseof
supervisedmethodsthismappingis ‘learned’or optimisedthrougha trainingdataset
whichconsistsof input-outputpairs � �
	��� whereeach� representsa targetor desired
outputfor thecorrespondinginput � . It shouldbenotedthat � is conditionalon the
training datasetandif the latter is poor thenwe cannotexpectthe mappingto be
anythingotherthanpooralso.
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Classification

A classificationproblemis onein which we desireto assigneachinput to oneof
a closedsetof outputclasses. Our datasetwill thereforecontaintargets, � , which
will codetheclasslabelof eachinput. Theusualformatfor eachtargetis ‘one-of-n’
codingsuchthat, for examplein a two-classproblem, ��� ��� 	��� for class1 and��� � ��	 �  for class2.

As we will see,theminimumrisk statisticalclassifierascribesanunknown input
to theclasswith thehighestBayes’a posterioriprobability. Bayes’theorem,abelief
updatetheorem,links aprior belief(thea priori probability)to thea posterioribelief
givenanew pieceof information.

Regression

In the caseof regression(or prediction)eachinput is mapped,not to a probability
space,but onto anothercontinuousnumbersequence.Again, a mappingfunction
may be ‘learned’ usinga setconsistingof input-outputpairs, � �
	��� where � may,
for examplein thecaseof prediction,be thevalueof a dataseriessomenumberof
samplesin the future(we needoff-line data,of course,to constructsucha training
dataset).Givena setof examples,then,whatis the‘best’ a systemcando?It turns
out that,givena trainingset,our bestguessfor theoutputin responseto aninput �
is theconditionalaverageof � evaluatedover thetrainingset.Wedenotethisas������� �!� �"#� $%�'&(�")
andnotethat this expressioncodesa common-senseinterpretation;if we aregiven
an input, � , we look at what the target responseswerefor inputscloseto � in the
trainingsetandour ‘best’ outputresponseis theaverageof all thesevalues.Thereis
onewordof caution,however. Referto Figure1; plot (a) showsa targetdistribution
in whichtheconditionalaveragegivesacorrectresultasthedistributionis unimodal
givenany arbitraryinput, �+* say. Plot (b), however, hasa multimodaldistribution.
In this casetheconditionalaveragegivesa poorrepresentation.To tacklethis form
of dataamuchmoresophisticatedmethodologyis required.

Supervisedand unsupervised

Givenaspacein which to performaclassification,unsupervisedclassificationrelies
onthefactthatdatabelongingto thesameobjecttendto havesimilar featurevectors
andviceversa. Thismeansthatsegmentationof thedatareliesonfindingthe‘blobs’
or ‘clumps’ which dominatefeaturespace(we hope).Supervisedpartitioningrelies
on a setof training datafrom which we canestimatea mappingfunction, � , which
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Figure 1: (a) Unimodal distribution - correctresultsobtainedfor regression. (b) Multimodal dis-
tribution – the basicregressionproblembecomesintractableandmoresophisticatedtechniquesare
required.

mapsavectorin thefeaturespaceto aclassificationspacei.e.� ��, �� -
‘hard’ segmentationinto class. , say, of thedatasetis thenachievedby allocating
all datawhosefeaturevectorsweremappedto /10 . Both unsupervisedandsuper-
visedsegmentationshaveproblems,theformerassumesthateachclassonly hasone
‘blob’ in the featurespaceandthe latter is only asgoodasthe training set (often
labouriouslycreatedby hand).Bothof thesemethodsareintimatelyrelatedto prob-
ability mappingsandto Bayes’theoremwhich we look at later in the lectures.The
supervisedcaseis clear:

If wehaveanysystemwhich wewishto partition into 2 components,then
each componentof thesystem,� , hasmembershipof each of the 2 classes
givenby its posteriorprobabilityon thatclass.�3�� Class. if f 45� . &(�"6�87:9�;< = 45�?> &@�"BA

If wecanestimatetheposteriorsthenwecanestimatethepartitionfunction.
In thecaseof unsupervisedpartioning:

Each node/cluster/blobis taken to be a class. Henceif wesearch for the
positionsandshapesof C clusters, thedatasetwill besegmentedinto C
classes. Generally, we do not know C aheadof time, and methodsfor
assessingthe probablenumberof classesin a data set are a subjectof
activeresearch.
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Figure2: Blobsor clumpsin a featurespace– unsupervisedclassification.

Generalisation

Oneof theperennialproblemsof optimisinga patternclassifierusinga trainingset
of datais thattheapparentperformanceof thesystemimproveswith thenumberof
tunableparametersin thesystem.Sucha systemrunstherisk of over-fitting to the
trainingdatasetandwould thusperformpoorly on new data.What is requiredis a
system,obtainedfrom a trainingset,which is capableof generalising to new data.
This is a classicmodel-fittingproblemandthepatternrecognitioncommunityhave
adoptedseveralmethodsto improvegeneralisationperformance.

Validation – oneway of doing it:

Oneof the favouredmethodsof ensuringdecentgeneralisationperformanceis that
of splittingthetrainingdatato provideaseparatevalidationsetaswell asa(new and
smaller)trainingset.Onesuccessfulstrategy is thereforeto successively increasethe
complexity of theanalyserandre-optimiseeachtimeonthetrainingset. Theperfor-
manceof theanalyseris thenceevaluatedon boththetrainingandvalidationset.A
typical setof resultsgivesriseto curvessuchasin figure(5) in which thetraining-
seterrordecreaseswith increasingcomplexity whilst thevalidationerror reachesa
minimumandthenceincreases. We mayperformseveral‘runs’ of suchavalidation
procedureby randomlyre-splittingtheoriginaldatainto many differenttrainingand
validationsets(this is referredto asn-foldvalidation. Wemaythenchoosetheanal-
yserof complexity which,onaverage,generalisesbest(i.e. haslowestvalidation-set
error). We muststill, however, testtheperformanceof our optimalsystemon a test
setwhich is independentfrom eithertrainingor validationsetsandis unusedin the
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Figure3: Unsupervisedclassificationhasits problems.

developmentprocedure.In many ‘real-world’ problems,however, theavailabledata
setmaybesmall. In this situationBayesianlearningmethodsmaybesuperior(see
later)astheseallow comparisonof differentanalysers(of differingcomplexities,for
example)usingonly the training dataset. What do we meanby small, however?
Somestudiesaddresstheissueof thenumberof piecesof informationin thetraining
setasa ratio to thenumberof adaptive parametersin theanalyser. Theresultssug-
gestthata factorof threeor moreis required.A generalrule of thumbis to beeven
morepessimistic,however, anda factorof 5-10is oftensuggested.

Typical application procedure

Themostcommonlyused(validation)approachgivesriseto a simplemethodology
with whichananalysermaybetrainedandtested:

1. A labelledsetof datais formed. This setconsistsof input-outputpairs � �6	��� .
Wewill furthermoreassumethateachcomponentof theinputset( DFE etc.)hasa
similar numericalmagnitude.This avoidsnumericallylargecomponentsbeing
given unfair weightingover those(possiblymoreuseful) componentswhose
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Figure4: Partitionsof a featurespace– supervisedclassification.

magnitudeshappento besmaller. Wewill alsoassumethat,in theclassification
case,this setis balancedi.e. equalnumbersof examplesfrom eachclassare
containedin it.

2. The datais randomlysplit into, typically, threedatasets: training, validation
andtest.

3. a. Startingwith a ‘simple’ analyser(low numberof freeparameters)optimise
its freeparameters(weights)to minimisetheerroron thetrainingset.

b. Obtainperformancemeasuresfor theanalyseron thevalidationset.

c. Increasethecomplexity of theanlayser(e.g.moreparameters).

d. Repeatthesestepsuntil a levelling or minimum in the validationerror vs
numberof parameters(e.g.)curve is passed.

4. Repeatsteps2 and3 with differentrandomsplitsof theoriginal dataset. This
maybeperformedtentimes,say.

5. Find theanalysercomplexity thatgivesthebestaverage(over thetenruns,say)
performanceon the validation set. Usean analyserwith this configurationto
assessperformanceon the(hithertounseen)testset.

Generalisation: a quick example

Thisexampleisof the(in)famous‘noisysinewave’. 100sampleswith 30%Gaussian
noiseareusedin trainingandanother100asa ‘test’ set.Figure6 shows theregres-
sionusingincreasingnumbersof parameters(actuallyanumberof splinefunctions).
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Figure5: Trainingseterrordecreases,on average,monotonicallywith analysercomplexity, whereas
validationseterrorreachesa minimumat the‘optimal’ analysercomplexity.

Notethat1 is notenough,5 is aboutOK (it capturesthebasicsinewavepattern)and
100capturesall thenoiseaswell! Figure7 shows thesesameanalysersappliedto
thetestset(whichhasdifferentnoiseon it remember).
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Figure6: Generalisation:trainingset.
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Figure7: Generalisation:testset.
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Someexamples

In this sectionI introducesomesimpledatasetswhich,alongwith someothers,are
madeavailableon line (seelater).

Tremor analysis

This datawas collectedas part of a study trying to identify patientswith muscle
tremor. Thefeaturesareauto-regressive coefficientswhich detailhandtremorreso-
nances.Thedatasetconsistsof equalnumbersof datafrom patientsanda control
group. Figure8 shows the data. Using committeesof flexible classifiers(suchas
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−0.5
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1

x
1

x 2

patients
control 

Figure8: Tremordataset.

‘neural’ networks)wecanclassifythisdatawith about85%accuracy.

Ionosphere radar returns

This is a 33-D datasetwith redundancy in its features(they arenon-independent).
Thelabel is 0 or 1 correspondingto to ‘good’ or ‘bad’ radarbouncefrom theiono-
sphere.Thefirst two principlecomponentsareplottedin figure9.
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Figure9: Ionospheredataset.

Predicting the futur e: chaotic time series

Figure10 shows theMackey-Glaschaotictime series.Thedatahasbeenlookedat
asapredictionproblemby usingpastsamplesfrom thedatato try to predictinto the
future. It is fairly difficult to do it well! We canget (Fig. 11) to a 5% error level
fairly easily.

Wine recognition

Thedatasetconsistsof 17813-dimensionalexemplarswhich area setof chemical
analysesof threetypesof wine. Figure12 shows theprojectionof thedataonto its
first two principal(eigen)components.Thedata,if weusethelabelsandknow there
arethreekindsof wine,canbeclassifiedwith 100%accuracy. If wearenotallowed
to usethelabels,wecaninfer thattherearethreewinesandclassifywith about98%
accuracy - notbad!
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Figure10: Chaotictimeseriesdata.
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Figure11: Chaotictimeseriesdata- predictionsanderrorbars..
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Resources

Journals� Thereis agoodwebsitewith journalinformationat
www.ph.tn.tudelft.nl/PRInfo/journals.home.html

Machinelearningarchive� Thereis agoodmachinelearningandpatternrecognitionURL at
www.aic.nrl.navy.mil/ G aha/research/machine-learning.html

Thelink to theUCI databaseis useful- alsolotsof freesoftwareto download.

Data,softwarefor thiscourse

Someexampledatasetsmaybedownloadedvia my website:
http://www.robots.ox.ac.uk/ G sjrob/teaching.html
andfollowing thelinks to patternrecognition.I havemadelinks tosomeof ourgroup
softwarearchivesalso.Datasets(moreextensive)arealsoavailablevia themachine
learningURL (in particulartheUCI datarepository)for thosewhoarekeen.
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STATISTICAL PRELIMINARIES

BayesTheorem- the calculusof probabilities: a brief review

Youwill all, nodoubt,befamiliarwith thefollowing terms:� Priors,likelihoods,posteriorsandevidences,

whichdescribethecomponentsto quantitiesin theRev. ThomasBayes’famousand
importanttheorem(mid 18thcentury).

Bayes’theoremreliesuponthenotionof conditionalprobabilities, suchas“the
chancethat I will finish theselecturenotesgivenmy othertasksis 0.9”. What this
implies is that the chance(probability) of oneevent happenningis conditionalon
another. Note alsothat statementslike this codea belief ratherthana probability
that is obtainedby multiple trials (the so-calledfrequentistapproach).It is hence
possibleto allow singular(non-repeatable)eventsto have a probability. Cox (1946)
showedthatsolongasthesebeliefsobey someconsistency rules(they sumto unity,
arestrictly non-negativeetc.)knownastheCoxaxiomsthenthesebeliefscanbehan-
dled just asprobabilities.I will comeup front andsaythat I believe that Bayesian
statisticsis correct, althoughtherearesomewhowoulddisagree(they aregradually
provedwrongthough),sotheselecturesmake this tacit assumption.

Justto refreshthememory...
Note: I will usecapital‘P’ to denoteaprobability, whetherthis is a‘degreeof belief’
(boundedin theclosedinterval [0,1]) or a probability densityfunction(pdf - which
is unboundedabove, is non-negative andmustintegrateto unity). If theargumentis
discrete, suchas 45�IH  where H is thek-th classof afinite set,thenwehavebelief. If
theargumentis continuous, suchas 4'� D  , whereD is somevariable,thenwehave a
pdf.

Formallywewrite “probabilityof J given K ” as 4'� J & K  . WhatBayes’theorem
statesis that: 4'� JMLNK 6� 45� J & K  45��K 
� 45��K & J  4'� J 
Re-arrangingtheabovegives:4'� J & K 
� 45��K & J  45� J 4'��K 
which is a basicformulationof Bayes’theorem.We canhenceevaluatethechance
of J occurringgiven K hasoccurredif weknow thechanceof K occurringgiven J
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hasoccurredandthechancesthat J and K occuron theirown.

posterior � likelihood O prior
evidence

So we have ‘converted’ someprior estimateaboutthe chanceof J into a better
estimategiveninformationabout K . Thisnotionof usinginformationin K to refine
ourbeliefaboutJ is veryelegant.

Saywe hada seriesof hypotheses,JPE 	 JMQ 	SRTRURT	 JWV eachdependentupon K then
Bayes’theoremfor mixturesstatesthat4'��K #� VX Y Z E 45��K & J Y  45� J Y 
we may combinethis with the previous equationto obtaina setof posteriorprob-
abilities, onefor eachhypothesisJ Y

. It may be shown that, if we wish to decide
themostprobableoutcometo event K happenning,thatoutcomeis the J Y

with the
largestposteriorprobability.

Most likely outcomeif K hasoccurred � argmax= 45� J Y & K �A
An example

Takeasimple,1-D example.Let K bethegainingof informationregardingadatum,D , and let therebe two hypotheses,or classes,conditionalon D , called J and [ .
Hence 45� J & D 
� 45� D & J  45�?J 4'� D 45��[ & D 
� 45� D & [  45��[ 45�?D 
where,from Bayes’mixturetheorem45� D #� 4'� D & J  45� J ]\ 45� D & [  4'��[ 

The likelihood terms,e.g. 45� D & J  definehow likely it is to generateD given
classJ etc.If wetakeasimplecase,whereJ 	 [ aretakento beGaussian(normally)
distributedclasses,thenthisexamplemaybedrawn simply (seefigure13).� 45� J & D 
� �_^`45��[ & D � If 45� J 
� 45�a[  (noprior preference)thenchoosingclasswith maximumpos-

terior is thesameaschoosingthemaximumlikelihoodclass(astheevidenceis
commonto all classes).
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Figure13: Posteriorsandlikelihoods.

To give anotherexample,from imageprocessing,let ussaythat D representsthe
valueat somepixel from anedgedetectionoperation.J and [ canthenbethought
of asthechancesof thatpixel belongingto anedgeor not.4'� edge & D 
� 45� D & edge 45� edge45�?D 
andif 4'� edge6� 45� noedge then4'� edge & D 
� 45� D & edge45� D & edgeb\ 45� D & noedge
Thefigureshowssomeedgedetectionusingsuchascheme.I havenotsaidyet how
to getthelikelihoodsor how to goaboutperformingclassificationin practice.

Classfication: in moredetail

Minimum risk classifiers

We considera setof regionssuchthat ced correspondsto class /fd , so if thereare >
classeswehave c E RURTR c < .

Thetotalprobabilityof gettingacorrectclassificationis45� >hg@.�.jik>�l  � <X d Z E 4'� Dnm�c d 	 / d  (1)
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Figure14: Houseimageandthe‘significant’ edges( o�prqksutwv ).� X d 4'� Dnm�c d & / d  45��/ d � X d x�y 45�?D & / d  45��/ d 
this is maximisedby alwayschoosingto classify D to theclasswith thelargestvalue
of 45�?D & /fd  45��/fd  which is just theposteriorprobabilityvia Bayes’theorem.

The lossmatrix enablesa differentcoststo be associatedwith differentwrong
decisions. z da{ is losswhen D is classifiedto / { when D|m}/ d . The expectedloss
over / d ~ g��@�Sd � <X { Z E z#da{ x�� 45� D & /fd �� D
as ~ g��@� � * ����� � <X d Z E

~ g��@� d 45��/ d 
so ~ g��@� � * ����� � <X { Z E x � <X d Z E z dI{ 45�?D & / d  45��/ d  � D
this is minimisedif the integrandis minimisedat each D . We will thuschooseto
classifyto /�{ when<X d Z E z da{ 4'� D & / d  45��/ d f� <X d Z E z d Y 45� D & / d  45��/ d 
for all �5���� . Considera vectorof outputprobabilities,� , thenclassifyusing �b� �� � .

Notethat theexpectedlossunderthis rule (theBayes’rule) is just K���z]�B� ��� ���e^� �� ��� I� . This is known astheBayes’loss(or error) andis thelowerboundto theloss
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for thedataset. You cannever do betterthanthis (on average).If we don’t follow
theBayesrule thenthisexpectationis just calledtheexpectedlossor error.

The rejectoption

Let’s make thingsa little simplerby assigningno lossto gettingthe right answerz#d�d � ��	�� H , andthesamelossto gettingit wrong, z#dI{ � � 	 H����� . Now introduce
anotherclass,the‘doubt’ class.Wewill classifyto thisclasswhenwearenotcertain
whichotherclassto classifyinto. Let thelossfor thisbe z dw�   *¢¡ �£� �8�¤	�� H . Remember
thattheexpectedloss(for this lossmatrix) is just:~ g��@� � K��¥�¦^`45�a/ < § * �?� V & D I�
to minimisethiswemustchooseto classifyto theclasswith theminimum= �_^¨45��/©E & D h	 �f^`45��/fQ & D h	SRTRURT	 �1^¨45��/«ª & D h	��¬A
we seethat we still choosethe classwith the largest 4]� ��� � 45��/ & D  unless4 � ��� � �_^ � in whichcasewerejectto the‘doubt’ class.

By varying � we canlook at the trade-off characteristicsbetweenaccuracy and
thefractionof datanot rejected.
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Figure15: Rejectoptioncurve (tremordataset).
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Receiver operating characteristics(ROC)

TheROC curve is muchusedin thaassessmentof systemsfor usein variablecost
domainsi.e. wheretheelementsof the lossmatrix mayvary in time. An example
might bethea medicaldiagnosisproblemin which thecostof falselydiagnosinga
diseasereducesasthediseasebecomesbenign.

TheROCcurve is aplot of truepositiveratefor aclassagainstfalsepositive rate.
Consideradecisionin a two classsystem,in whichadecisionis madeto class/ E if45�a/ E & D « l
By varyingthethresholdl weobtainasetof classifierswith differingcharacteristics,
anddiffereringtrueandfalsepositive rates.
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Figure16: ROCcurve,showing goodandbadclassifiers.
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Uncertainty and information gain

Notethat thestatistic® � �e^ 7�9�; d = 45��/fd & D BA naturallydenotestheuncertainty
in thedecisionto classifyto theclasswith thelargestposteriorprobability. We can
seethis quantityasa measureof reliability in thedecision.It makessensethatwe
usetherejector doubtoptionwhenthisquantityis low.

If adatumprovidesclearinformationthen ® is small. Imaginewehaveno infor-
mationprovided by D , the posteriorsjust lie at the priors. If D is informative then
theuncertainty(inherenttypically in thepriors)collapsesandtheposteriorsdiverge
from thepriors.

As anasideThe strict measureof uncertaintyis the entropy, ¯ of somerandom
source.Entropy (in bits) is defined,overacontinousspace,as:¯°� D 
� ^ 45� D �±T²j³ Q 45�?D �� D
andin discretespaceas: ¯��aH 6� ^ X d�´ 45�aH � �±U²�³ Q 45�IH � 
For a Gaussiansourcethe entropy is µ ±U²�³ Q¬¶ hencelarge entropiescorrespondto
largevariancesandviceversa.

Considernow the observation of somedatum D . We know that if we classify to
classH then 45�aH & D  wasthemaximumposterior. Weconsiderthemeasure. �8±U²�³ Qe· 45�aH & D 45�IH  ¸
By Bayes’theromthis is alsoequalto:. �8±U²�³ Qe· 45� D & H 45� D  ¸
for 45�?D & H ¹ 45� D  thenthe region that class H modelsmustbe a subsetof the
entiredataspace.Thismeansthatwehave localisedD . Thetighterthis localisation,
with referenceto theoriginaldataset,thenthelargerthemeasure. , hencethelower
theuncertaintyin theclassificationdecision.Figure18showsthisfor thetremordata
setusingdifferentclassifiers.Notethat thegain is boundedabove by unity (1 bit =
ability to classifiyinto oneof two classes)andbelow by 0. Thelatter lies alongthe
decisionboundary. A datumon this boundaryis impossibleto classify, soseeingit
givesno informationregardingits class.
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Figure18: Informationgainas º�»�¼�½]¾@¿�ÀÂÁ�Ã Ä�Å¿�ÀÂÁIÅÇÆ .

The outlier option

Therejectoptionofferstheoptionto disregarda datumif thesubsequentclassifica-
tion hashighuncertainty. If we look again atfigure13weseethattheposteriorsare
high (they asymptoteto unity) aswe go far away from thedata(likelihoods).This
assumesthat theclassesrepresenta completehypothesisspace, i.e. theretruly are
nootherclassificationoptions.If wearefacedwith datawhich lie faraway from all
known classes,wemaywish to assignit to anoutlier classunderthebelief thatit is
unlikely to have beentruly generatedby our hypothesisset. This approachis also
referredto asnoveltydetection. Figure19depictsthis.

Regression:in moredetail

Let usconsideradatasetwhichconsistsof thepairs � D 	 l  m�È . Wewill considerour
errorsto beGaussiandistributed,suchthattheoutputof theregressorgiveninput D
is É]� D  . 4'�%É & D  µ8Ê ;�Ë5ÌÎÍ Ï �uÉF�?D  ^�lÐ�?D I� Q@Ñ
asanerrorfunctionalcanbeformedfrom thenegative log errorpdf soK�� D  µ �ÒÉF� D  ^°lÐ�?D I� Q
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Figure19: Rejectsandoutliers.

Integratingthisover thetargetpdf gives$ K�� D �)6� 4'�Ól & D  �uÉ]� D  ^�lÐ�?D I� Q � lÐ� D 
expandingandcompletingthesquare(notingthat ÉÔ�� ÉF�Ól  ) gives$ K�� D �) µ �ÒÉF� D  ^ $ l & D )I� Q \ var �%l & D 
where $ l & D )�� Õ 4'�Ól & D  lÐ� D �� lS� D  . Given that the last termdependson thedata
set,thebestwecandois to, for eachD , getaregressorÉF� D #� $ l & D ) , theconditional
averageof l given D .

Err or bars

On of thethingsyou might have noticedis that,for regression,theargumentof our
probability is a continuousvariable, É , ratherthan a memberof a discreteset of
classes.Justasa full (mostinformative)descriptionof a classdecisionis 45��/ d & D 
so themostinformative regressionmeasureis the densityfunction 45�%É & D  . Note
thatthelatteris apdf, whilst 45��/ d & D  is justasinglenumberrepresentingadegree
of belief.

How do we representa density?Oneway is to assumethatthedensityis normal
andthenjust give its meanandvariance.If we do this thenregressorsmustoutput
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themean,whichweexpectto be É]� D 6� $ l & D ) alongwith anerror bar. How to get
that errorbar is dealtwith lateron in the courseasit requiresan understandingof
Bayesianlearningmethods.

Justto makeanotherthingclear;posteriorprobabilities(beliefs)donothaveerror
bars!
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