
LECTURE 3: DENSITY & DISCRIMINANTS

In this chapterwe considertheimportant(andobvious)point; theresultantclass
boundariesaredependentuponthetypeof analysismodelwe propose.We will re-
strict ourselves(for brevity only, aswe may regard classificationasa specialcase
of regressionanyhow) to theproblemsof classification.As we have seen,classifi-
cationshouldbebaseduponposteriorprobabilities.How do we get theposteriors?
Rememberthattheposteriorprobabilitiesaregivenin termsof theclass-conditional
priorsandlikelihoodfunctions.Wehave threechoices:

1. Estimatethepriorsandlikelihoodsin Bayes’theorem.

2. Estimatesomediscriminantfunctionwhich is monotonein the posteriorsi.e.
choosingthe classwith the largestdiscriminantis equivalent to choosingthe
maximumposteriorclass.

3. By-passthe issueof estimatingpriors andlikelihoodsaltogetherandestimate
posteriorsdirectly.

Somemethodsthough(e.g. thelineardiscriminantanalyser)canfall into all three-
it dependsonhow we look at it!

Estimating the densities

This sectionwill detail, in principle, how we might make andutilise estimatesof
the quantitiesrequired. Later on we will seein muchmoredetail how parameter
estimationmaybeachieved.

Priors

We maybelieve in somesimplewaysto estimatethepriors,eitherby settingthem
all equalto

�������
or, for � examples�	�

������� � ��

theproblemthenremainsof estimatingthelikelihoodfunctions,
	�
����������

.

Lik elihoods

We may regard methodsof estimatingthe likelihoodfunctionsasmethodsof esti-
matingthe class-conditionalprobability densityfunctions. We will considerthree
mainapproaches,dependingon themodel:� Non-parametric
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� Parametric� Semi-parametric

Non-parametric: We estimatethe classlikelihoodfunctionsfor exampleby ‘his-
togrambinning’ methods– basicallycountingtrainingsetdatadensityover the
featurespace.

Parametric methods: make a strong assumptionaboutthe form of the likelihood
functions. Often it is assumedthat eachclassis Gaussiandistributed. The
likelihoodfor class� , say, is thusthe(multi-variate)Gaussianfunction.Soif �
is a � -vector	�
 � ��� � ��� �

 "!#�%$'&)(*�,+-�/.
&)(10'243 576 � 
 � 698 �;:<+>= . 
 � 6?8 �;@
whereA is thecentre(mean)of class

���
and

+
is the(�CBD� ) covariancematrix.
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Figure1: Bivariatenormaldensity.

Semi-parametric: WeassumethateachclassmaynotbemodelledasasingleGaus-
siandensityfunction,but thatits truedensityfunction(likelihoodfunction)may

2



beapproximatedusingmore thanoneGaussian(or someothertypeof special
function).

Non-parametric methods

Non-parametricmethodsuseall theavailabledataandplaceakernelfunctionateach
point. This is theParzenwindowsapproach.Oftenthis kernelis a Gaussian,whose
width maybecommonto all pointsandgovernsthesmoothnessof thePDFestimate.
This mayberegardedasa specialcaseof a kernelmixturemodelwherewe do not
requirethelocationsto beoptimised.If weuseavariablesize(hyper-) spherearound
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Figure2: Parzenwindowswith Gaussians.DataandPDFestimatesfor widthsof 0.5,2, 4.

eachdatapoint,wearriveat.

The K-nearest-neighbourclassifier

Basictheory– Theprobabilitythatavector, � , drawn from
	�
 � � lieswithin aregionE 	�
 �?F EG��� HI	�
 � �KJ �
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if wehavea totalof � points,thenanestimateof thisprobabilityis	�
 �LF EG��M N � �N
is numberof pointsin

E
. Assumethat functionsarecontinuous,andvariationis

smallin
E 	�
 �?F EO�PMQ	�
 � �SR

where
R

is the(hyper-)volumeof
E

. Combiningtheaboveequationsgives	�
 � �PM N� R� Noteinherentconflict in assumptions!

Supposethe training set to have �UT vectorsfor class
� T and � vectorsin total.

Allow the volumeof a small (hyper-)sphereto increaseuntil exactly
N

pointsare
within it, thenestimatesmaybemade...
likelihoods

�	�
 � ��� T ��� N T� T R
evidence

�	V
 � ��� N� R
andpriors

�	�
)� T ��� �UT�
usingBayes’therorem �	�

� T � � ��� �� 
 � ��� T � �	�

� T ��	V
 � � � N TN
anelegantsolution!

If we let
NW� �

thenwe getthenearest-neighbourclassifier. In practisewe must
searchfor an‘optimal’ valueof

N
, onethatgetsbestresultson thevalidationset.

The NN classifierand the Bayes’error

THEOREM

Theerrorrateof theNN classifieris boundedbelow by theBayes’error,XZY[Y]\^X`_ba7ced
f
andaboveby twice theBayes’error, in thelimit of infinite data,X Y[Y]g  �X _ba7ced
f
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Figure3: Decisionboundarygeneratedby anearest-neighbourclassifier.

PROOF

Theproofof thelowerboundis trivial. We havealreadyseenthat
X`_ba7ced
f

represents
thelowesterror, all classifiersareboundedbelow by this then.

Let h bethetrainingsetsuchthat

��<ikjSl;im� Fnh . TheNN rule statesthatdatum

�
(with trueclass

l
) is classifiedto

l i
if
� i

is theNN to
�
. Theerrorrateon

�
is hence,X`Y[Yo
p�#jq� i ���Q	�
rlos�tl i �"�#jq� i ���Qu T 	�
%lP�]l T jel i s�tl T �v�wjx� i �

makingindependenceassumptionsthisbreaksdown to:X Y[Y 
��#jq� i � � u T 	�
rlP�]l T �y�U�S	�
rl i s�tl T �v� i � (1)� u T 	�
rlP�]l T �y�U��z � 6 	�
rl i �{l T �v� i �;|
If weallow thenumberof pointsto tendto } then,as

�
is closeto

� i
(they areNNs)

so 	�
%l i �]l T �"� i ��~ 	�
rl��tl T �v���
hence X Y[Y 
��wjx� i � M u T 	�
rl��{l T �"����z � 6 	�
%lP�]l T �v���;| (2)� � 6 u T 	�
rl��tl T �v��� (
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Usingthefactthatwe only classifyto theclasswith thelargestposterior, which we
assumedominatesthesummation,andfiddling aroundabit moregives:� 6 	�
rlP�]le���y�U� ( g  �z � 6 	�
rl��tl��>�v���;|U�� �X _�aKced
f
Parametric form

FromBayes’theoremclassificationgoestoclasswith largestaposterioriprobability.
Takinglogsgives��� 	�
)� � � � ��� �k� 	�
 � ��� � ��� �k� 	�

� � � 6 �k� 	�
 � �
thedecisionboundarybetweenclasses

N
and � is when�k� 	�

� � � � ��� ��� 	�
)�P�1� � �

i.e.
��� 	�
 � �������#� �k� 	�

������� ��� 	�
 � ��� � ��� �k� 	�

� � �

whichwewill write usingadiscriminantfunction � as� ��
 � ��� � � 
 � �
for multi-variateGaussianapproximationsto eachclass(parametriccase)so,� � 
 � ��� 6 � ��� ��� � � 6 � 
 � 698 � � : ��= .� 
 � 698 � �w� �k� 	�

� � �
whichgivesaquadraticdecisionboundary. If thecovariancematricesof bothclasses
areequal(to

�
say)then(expandingthetermsin brackets)� ��
 � ��� 6 � 
 � : ��= . � 698 :� ��= . � 6 � : ��= . 8 � � 8 : � ��= . 8 � �#� �k� 	�

�����

as
�

is symmetricthensois its inverseandhence8 : � ��= . � � � :U��= . 8 �
wethuswrite � ��
 � ��� 
 8 : � �V= . � � ��
 6 � 8 : � ��= . 8 � � �k� 	�

�����S�
which is of theform � ��
 � ���t� : � ���`�
i.e. a linear discriminantfunction.
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Figure4: Lineardiscriminantfunction.

Linear discriminants - a least-squaresapproach

We may also considerthe settingof weightsin for an ‘optimal’ discriminantvia
minimisationof anerror functional. This error functionalis (for LDA) taken to be
the sum-of-squareserror. You shouldbe familiar with the fact that the LS error
functionis convex with a single, globalminimum.Goodoptimiserswill gettherein
onestep.We canalsopitch theproblemasoneof matrixpsuedo-inversionwhich is
cheapandfast.

For asum-of-squareserrorterm,thetotalerrormaybewrittenasX � � Yu ��� . 
���
 � � � 6�� � � (X � � Yu ��� . 
%�C� � � 6L� � � (
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Differentiationw.r.t.
�

gives Yu ��� . 
%�C� � � 6?� � � � �� �^�
rearrangingthisandputtingit into matrixnotationgives
p��� �O�K¡ �¢�Q£ �¥¤
wewish to solve for

¡ �
which is obtainedfrom¡ ���¦�¨§ ¤

where
� §

is known asthepseudo-inverseof
�� § � 
�� � �O� = . � �

Logistic discrimination

Look atamoreflexible casewhereamonotonenon-linearfunction © is introduced.� � © 
%� : � ��� � �
Considerparametriclikelihoodsof Gaussiansin a two classproblem,with equal
covariances.Useasimplediscriminantmeasureª � ���¢« 	�
 � �������S	�

�����	�
 � ��� � �S	�

� � �`¬
FromBayes’theorem	�
)� � � � ��� 	�
 � ��� � �x	�

� � �	�
 � �­���®�x	�

�������¯	�
 � ��� � �S	�

� � �
for thegivenfunction ª this is equivalentto	�

����� � ��� �� � 0®2°3 
 6 ª � � © 
 ª �
which is a non-linearfunctionknown asthe logistic sigmoidfunction. Substituting
theGaussianlikelihoodequationsinto theabove(for ª ) gives ª in theform� � 
 � ��� © 
 ª ��� © 
%� : � ��� � �
where � �Q��= . 
 8 � 6n8 � �
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and± � � � 6 � 8 : � ��= . 8 � � � 8 : � ��= . 8 � � �k� 	�

�����	�

� � �
this discriminantfunctionallows probabilitiesto beestimatedratherthanjust deci-
sionmeasures– veryuseful!

It wasnoticedin thelate1950sthatthefunctionalform of thelogisticdiscrimina-
tor wasverysimilar to thatof a biologicalneuron.Thelogisticdiscriminatoris also
referredto asaperceptronor neuron for this reason.
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Figure5: Logisticdiscrimination.
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Figure6: Neuron.
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Semi-parametricmethods

Later in the coursewe will seehow to modeldensitiesusinga (small) numberof
kernelor basisfunctions.For now weassumethateachclass-conditionaldensitycan
bewell-modelledusing,e.g.,amixtureof Gaussians.

Let ² � bethemixturemodelfor class
� �

, hence:	�
������������ ³K´u µ � . ! �µ 	�
���� © �µ �
from Bayes’mixturetheorem.Now considertheposterior,	�

�����v�U����	�
���������� 	�

� � �	�
p�U� ��	�
p���������7¶ �
Combiningtheabovegives,	�

���·�y�U���t¶ � ³�´u µ � . ! �µ 	�
���� © �µ �
whichcanbewrittenas: 	�

���¸�v����� ³K´u µ � . � �µ 	�
���� © �µ �
whichcanitself bewritten in vectorform as:	�

���·�y�U���]� ��<¹ �
where

¹ �
is the vectorof responsesfrom the º � kernelswhich make up ² � . The

form of theaboveequationis just thatof a linearclassifierwith inputsgivenby these
responses.In this formattheclassifieris oftenknown asamixtureclassifier.

We may, of course,make the setof kernelscommonto all the classesby using
a largermodel ² � »¼� ² � . Theabove formulationis thesame,save that theweight
vectors

�V�
now haveaseriesof zeros.Noting that ² is really justanestimateof the

densityof ½ ��¾ sowe mayfit a modelto theclassunconditionaldata.If
¹ 
����

is the
setof responsesof ² thenwemayconsidertheclassifier:	�
)�����"�����t� �� ¹ �n�Z�S¿À�
where

�`�x¿ �
is a bias(offset) termasin the linearclassifierlookedat earlier. Giving¹

anextraelement,Á zÂ�"|U� � jKÃ��
letsuswrite:	�

���·�y�U���]� �� ¹
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It turnsout that the above forms a generalmethodfor function estimation,and
that ² doesnot have to bea densityestimate.For example,we could just aseasily
write for regression: � �]�C� ¹
We startedout forming theweights

�
from probabilitiesin thissection.Thismeans

that the weightsareconstrained(positive andunity sum). We canrelax this con-
straint(especiallyif ² is not a densityestimator)but the outputswe get may only
be discriminants. Following the sameargumentas for the logistic regressor, we
canestimateposteriorsby allowing thesediscriminantsto passthrougha sigmoidal
function.

This system,of forming a non-linearkernel representationof thedata,followed
by asimpletransformof thekernelresponsesis known astheRadial-BasisFunction
or RBF analyser. It is usuallyreferredto asa form of neural network. As we have
seen,though,thereis notmuchneuralaboutit.

−0.5 0 0.5 1
−0.5

0

0.5

1

x_1

x_
2

−0.5 0 0.5 1
−0.5

0

0.5

1
linear

−0.5 0 0.5 1
−0.5

0

0.5

1
quadratic

−0.5 0 0.5 1
−0.5

0

0.5

1
RBF

Figure7: Classificationoverclass‘non-patient’of tremordata.
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