LECTURE 6,7: GENERALISATION REVISITED

In previous chaptersve have seenhow overfittingto sometraining datasetwill
leadto poorerperformancen unseernnew) data.In this chaptemwe explorealittle
moresomeof theseconceptsstartingwith notionsof compleity, regularisatiorand
thebias/ variancetradeof andfinish with looking at committeesandthe extremely
powerful techniqueof Bayesiarlearning.

Complexity and Ockham’srazor

More complex systemgoneswith morefree parametersareneededo modelmore
comple functionsandvice versa An over-complex systemswill begin to fit noise
andanundercomplex onewill notbeableto modelthefunction. How dowe getthe
complity right?

Thisissuewasaddressettom a philosophicaperspectiein thelate 13thcentury
by William of Ockham(sometimesspelledOccam). Ockhamsuggestedhat one
shouldnot

... multiply explanationsunnecessarily.

In otherwords,we shouldseekthe simplestmodelwhich fits the data We needto
specifywhatwe meanby ‘simplest’ andfitting’ though.Oneway wasproposedy
Rissannenn 1978,andis knowvn as Minimum DescriptionLength(MDL). Risan-
nenproposedfrom information-theoreti@aguments) penalisatiorof an error, or
goodness-of-fifunctionof theform

1. logN
Eupr) = (Bju) + =N, —8"
(Expr) <dt>+2 PN

whereN arethe numberof dataand N, the numberof parameterg themodel.
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This seemgo work nicely. Theonly problemis this:

¢ thenumberof datais notnecessarilghe numberof piecesof independeninfor-
mationand

¢ the numberof parametersloesnot reflectthe compleity of the modelif we
have regularisation(rememberthe smooth plots from comple< modelswith
Gaussiansvith large widths). Whatwe really wantis the effectivenumberof

parameters.
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Figure3: Eigenspectraf Hessiarfor RBF with Gaussiansf variablewidth.

Fig. 3 shaws the eigenspectraf the Hessiammatrix for GaussiarkernelRBF sys-
temswith 20 kernels. The variancesof the Gaussiansreo? = 1,1000. Look at
the differencein the numberof ‘well-determined’componentso the Hessian.This
meanghattherearebig differencesn the numberof parametersvhich actuallyef-
fectthe errorsurface. It hasbeensuggestedhatthe N, termin the MDL Eqn. be
replacedwith this estimatechumberof ‘well-determined’components.



The bias/ variance tradeoff

Remembefrom previouschapterdhatthebestmodeloutputis theonewhichequals
the conditionalaverageof thetargetsgiventheinput,

y(e) = (t | z)

We can(for regression)neasurehe deviationfrom theideal situationvia theerror,

Epl(y(z) — (¢ [ 2))]

wherethe expectationis over the dataset, D, which the modelis conditionedon.
Expandingandcompletingthe squaregives,

Epl(y(z) — (t| 2))*] = (Enly(z)] — (t] 2))* + Epl(y(x) — Enly()])?]
mﬁsz variance

@ Have athink whatthesetermsrepresent.

Regularisation

As we saw in chapter4, the role of regularisationis to penalisesolutionswhich
have high changesn curvature- i.e. arenot smooth. This wasapproachedia the
modifiederrorfunction,

Ereg = Fjata + R

whereq is the regularisationparameteand R a measureof the un-smoothnessf
thesolution(assumingy > 0). We saw that R for aRBF systenmof Gaussiarkernels
dependean two thingswe canchange,

e Thewidth of thekernelrepresentationlargerwidthsgive moreoverlapbetween
kernelsandhencemorecorrelation,sothe effective numberof free parameters
goesdown.

e Thevalueof |w|.

Definearegularisatiortermas:
1
Thetotal errorfunctionalis hence

(0
Ereg = Edata + 5 Z wi2
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theerrorfunctionhasagradientw.r.t. parametet; of:
VErey = V Eiata + aw;
If we adjustthe parameteraccordingto someschemesuchas
Aw; = =NV Ereg = =0V Eqqtq — now;

If the datacontrikuteslittle to the adjustmenbf w; (i.e. w; contrituteslittle to the
errorfunction, sois irrelevant) thenw; decaysexponentiallytowardszero. For this
reasorthisregularisationschemas referredto asweightdecay

Writing theerrorin aquadratidorm, i.e.

1
E(w) « §WTHW

givesa minimumerrorgiveswhich solves
VE=Hw"=0
With aregulariserthis becomes,
VE, e = Hw' +aw’™ =0

We canexpandbothw* andw™ in termsof the eigervectorsof H hence,
w* = Zw;"uz and w' = wauz
] ]
Equatingthetwo gradientequationgyives

Zw;‘/\iui = ijul()\l + a)

where{)\;} arethe eigervaluesof H. The solutionto this is (rememberinghatall
A; > 0 asH is positve semi-definite):

@ Have athink whatthis means.

Oneway we caninterpretthisis to seethat,if \; is smallcomparedo o (weight
is insignificant)thentheregularisedweightwill endup at nearzero- soit will not
contrituteto themodel. This hastwo nice effects

¢ \We canusetheexpression

s
Neff — L
MR RET

asrepresentinghe effectivenumberof parametes in themode] and
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e We canspeedup computatiorby remaving all thoseparametersvhosecontri-
butionto the Hessiarcurnvature(the eigervalues)is smallcomparedv.

Thefirst casdeadsusto considernalternatve to thevalidation-seapproachooked
atin chapterl. Insteadf varyingthenumberof parametersve canvarytheconstant
a. We will comebackto this form of regularisationin the context of Bayesian

'
7’

training

1/(XD 1/a

Figure4: Training& validationerroragainstreciprocal)egularisationconstant.

learninglaterin this chapter
Thesecondcasetheremoval of parametersr connectionsvhich contritutelittle
to the solution,is referredto aspruning

Committees

If we go backto the bias/ variancecomponent®f error (earlierin this chapter)we
seethatif we have severaldatasetsandcombinetheresultsof systemgonditionalon
eachthenthebiaswill tendto reduce(asfor overfitted systemghelearnednoise’
oneachinstanceof thedatasetwill tendto bedifferent)attheexpenseof thevariance
(whichwill tendto increase)Theformerof thesetermsmaybelargerthanthelatter
though.We would expectto getanimprovementin resultsif we combinetheresults
of severalanalysersn acommittee

Considettheclassificatiorcasefirst. Let theerroronthen-th datumbethecross-
entrogy errorwhichfor thei-th classifiers:

E; = —tn(y;/t)



Now let usform a corvex combinationof the classifiersmixed suchthat
Y=Y i
1

wherey; > 0 and) . v; = 1. We write theresultanterroras

Eeomm = —tln(y/t) =tlnt —tIn <Z fyiyi>

1

Now let's considerthe mixture (weightedaverage)of errorsfrom eachof the classi-

fiers,
E,, = Z%Ei = Z%(tlnt —tlny)
) i
asthet termsareindependentf ¢ so,

E,., = tlnt—tZ%lnyi

UsingJensersinequality(In ) . viz; > > . vilnz;) so

In <Z ’Yz'yz') > vilny,
andhence(asF is neggative in thesequantities)

Ecomm S Eav

This meansthat a combinationof classifieroutputswill give alwaysa lower error
thanthe (weighted)averageof errorsfor eachclassifier A remarkableaesult! The
optimalchoiceof ~; requireshe estimationof the betweerclassifiercovariance put
justasimpleaveraging(y; = 1/C) is oftenused.Again, we will (briefly) revisit the
iIssueof committeedater.

Whataboutthe regressioncase?We appealto the simplefactthat, if the errors
betweera setof regressos are uncorrelatedthenary weightedaveraging(corvex
combination)will give asmallererrorthantheaverageerrorof theindividuals. If o2
Is the error varianceof the i-th regressorthena combinationof C' gives(assuming
iIndependencehe resultantvarianceof the committeeis, taking the simple caseof
equalweightingandlettinge; = y; — ¢,

2
O—Zomm = <é« ; ei)

which, if errorsareindependentvith zeromean(i.e. thereis no bias)
1
Jgomm = E Z 02'2
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antithe averageerrorvarianceof thememberss
2 _ 1 2
Oa = 6 Z g;
)

Clearly, the errorswill not really be independent.In the worst casewe have C
redundanterror correlations,and needto multiple the committeevarianceby C.
Thisis still only equalto theaveragecase Hence

Ecomm S ECM)

Sowe have provedthatusingcommitteegives,on average petterresults,irr espec-
tive of whetherthey are formedfrom systemdrainedon differentdatasets Fig. 5
shaws a simpleexampleof committeebenefitan theregressiorcase.

-2 ‘ -2 ‘
0 50 100 0 50 100

Figure 5: [left] Outputof single 5-splineregressar [right] Outputof committeeof 10 uniformly
weighted5-splineregressors.



Bayesianlearning

We have alreadylooked at a simpleexampleof Bayesiarearningin previouschap-
ters.It is worth consideringvhatadvantage8ayesianearninghas:

e Onaveraget givesbetterresults.
¢ Regularisationarisesnaturallyandhasa simpleinterpretation.
e Committeehave asimpleinterpretatiorandarisenaturally

e As distributions, not single values,are dealtwith so error barsare naturally
obtainedn regressioranduncertaintydealtwith in a principledframework.

¢ Overfitting is avoidedevenwhentraining without a validationset,so all avail-
abledatacanbe usedfor training.

You maywonderwhy anyonebothersnotto usethe Bayesiarapproach.

Thele are two waysof solvinga data analysisproblem: the Bayesianvay
andthewrongway. [Bishop]

Thele are manyexcusedor not usinga Bayesiampproad. Theonly true
oneis incompetencgSkilling]

Bishopgivesa nice pictureof Bayesianearning. We considera datasetD and
a setof modelsM; of increasingcompleity (numberof free parameters)As the
compleity of themodelincreasesotherangeof datasetswhich canebe modelled
increasesConsideBayestheoremn theform

P(D | M;) P(M;)
P(D)

P(M; | D) =

we have no reasonaheadof time, to favour one modelmorethananotherso both
the model prior andthe evidenceare constantacrossmodels. So ranking models
with P(M; | D) becomesquivalentto rankingusingthe modelevidenceon D, i.e.
P(D | M;). As thisis adensitysoit integratesto unity, so morecomplex models,
with wider coverageon the setD of data,will modelany one D lesswell thena
lower compleity modeltunedto D. Fig. 6 shavsthisideagraphically This means
that over-complex modelsare naturally penalised.Bayesianmethodologyforms a
nice trade-of betweertitting the modelto the dataand minimising the compleity
penalty(oftencalledthe Odkhamfactor).
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Figure6: Increasingcompleity models, M, , 5 anddatasetD.

P(D | M)

Bayesin action

Considetthekind of systemwe have beenlooking atfor awhile, whereanoutputis
modelledas

y =g(a)
whereq is thelatentvariableandy(.) is e.g.asigmoidfor classificatiorandlinearfor
regression.Thelatentvariablesareweightedcombinationsf someothervariables.
In the caseof linear discriminantghe inputsandfor moreflexible models(suchas
neuralnetworks)a non-linearmappingof theinputs.

Considemow the densityover the latentvariable P(a | D). An analysismodel
will provideuswith P(a | D, v) wherev is all thevariableswvhich parameteriséhe
model(the weightsetc.). The Bayesiamapproachs to integrateout thesenuisance
variablesusingthe maginal integral

P(a| D) = /P(a | D,v)P(v | D)dv

For now we will considerthe regressioncaseandcomebackto classificatiornater.
Hencewe usealinearg(.) andtheleast-squaresrror, whichis thesamein thelatent
space.This meansthatthe densityover a in the latentspaceis Gaussian.Denote
the variablesof the modelv = {w, «, 3} wherew arethe weightsanda, 8 are
parametersvhich will bedefinedshortly

First we write the densityof P(a | D,w) asa Gaussian(asthe erroris least
squaresyiving:

P(a| D,w,f) exp{—g(a_ t)2}

whereg is the precision(inversevarianceerm.
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It is worth notingthat 1/3 corresponddo the expected(believed) varianceof er-
rorswemale. Thisis normallytakento benoiseonthetargets.

Now, usingBayestheoremwe write
P(w|D) x P(D | w)P(w)

wherethelasttermis the prior distribution over the weights. Whatform couldthis
take? An appropriateorior is justa Gaussiangentredon zero(weightscanbe+) i.e.

P(w) o exp {—%WZ}

sothe othermysteryparametera, governsthe precisionof the prior. Strictly then,
the prior is P(w | «). This kind of parameterwhich governsthe scaleof another
parameteris referredto asa hyperparameter OK - puttingit all togethemnwe can
thenwrite,

Pla| D,a,8) [ Pla| D,w,B)P(D | w)P(w | a)dw
Now we usethefactthatthedistribution
P(w|D)xexp{lnP(D|w)+InP(w)} =exp{—E(w)}
andsowe have thatthe effective errorfunctionalis

E(w)=—-InP(D|w)—InP(w)
log likelihood  prior

Thefirst term,the negative log likelihoodis the ‘traditional’ modelfit termwhichis
theerrorin modellingthedata,E ., Say Thesecondthe prior, is somethingvhich
occursdueto theBayesiarapproachPluggingin theform of theprior into theabove
givesanerrorfunctional,which afterignoringtermsthatareindependendf D or w
andnotingthat P(D | w) o exp{8F4at.(W)}, is of theform:

E(Wa Q, ﬁ) = /BEdata(W) + %WQ

(thefactorof 2 ‘missing’ from thefirst termarisesas Eyq = 1/2 > (a—1)?). Hence
E = /BEdata + O5E’weights

We seethatthis is the sameastheregularisatiorapproaci{asw? = > w?).

? ?

Regularisationparametesarisenaturally aspart of theBayesiarparadigm
asthey are justhyperpaametes which governtheprior distributionsover
themodelweights(a) or the expectedhoiseon thetargets(s).

11



Puttingthesethingstogethemives:

P(a| D,a,pB) x /exp {—g(a —1)? — E(w,a)} dw
How do we proceechown?

Onevery powerful method,if we do not wantto numericallyintegratethe above,
Is to malke anapproximation.This approachdetailednow, is known asthe Laplace
approximationandaimsat expandingthe error function quadraticallyandthe vari-
ablea linearly. It turnsoutthatthis givesaneat,analyticsolutionandis nottoogross
anapproximation.

Expandingheerrorto secondrder makingtheassumptiorthatwe canfind alocal
minimumin theerroratw = w*, gives

1
E(w,a,3) ~ E(w', o, f) + ;Aw HAw

where H is the Hessianmatrix of the total error function £ (w, «, 3), above and
Aw = w — w*,

Now expandinga linearly
a(z,w) = a(z, w) + g(z) Aw

whereg(z) = (%) (z) evaluatedatw = w*. This meanghatwe canwrite:

P(a| D,a, ) x /exp {—g (a(z, w*) + g(z)"Aw — t)2 — %AWTHAW} dw

Notethatthe F(w*, o)) term hasbeendropped,asthis is a constanin the integral
(doesnotdependuponw).
Thisis justa Gaussianntegral whosemeanis givenby:

a*(z) = a(z,w")
whichis themost-litely valuefor a givensomeinput z, andavariancegivenas:

1 _
=5+ g' (¢)H 'g(z)
Bishopgivesahand-holdingvork-throughof how to provethisin exercisesl0.1,10.2
in hisbook. It is worthlooking atthis.
Beforewe go on to look at classificationunderthis approachwe needto estimate

a, 3. The exactformalismwill not be gonethroughhere(it is coveredin detailin

12



Bishop):thebasicaproachhowever, is asfollows.

We canwrite
Pw|D)= [ [ P(w|a.5,D)P(a,3| D)dads

This integration could be performedusing numericaltechniques.Many favour an
alternatve approachn whichit is assumedhat P(«, 5 | D) is very sharplypealed
aroundthe most-probablealuesfor thesehyperparameterghenwe maywrite

P(w | D)= P(w | o, 37)

This approachs oftenreferredto astheevidenceschemesca*, * canbeestimated
from thedervative of P(D | «, 8) (theevidence)or its log. It turnsoutthat

1 W N
In P(D | a, /8) X _aEweights(W*) — /BEdata(W*) — 5 In |H‘ + 7 In o -+ E lnﬁ

In whichW, N arethe numberof weightsanddataandH is the Hessiarof thetotal
(regularised)errorfunction. As thelog determinanbf a matrix canbewritten asthe
sumof log eigervaluesso

In|H| =) In(\+ o)

where{)\;} arethe eigervaluesof the Hessianof the un-regularised(5 E,:,) error.
We thenceobtain,

oo
2Eweights
and N
% -7
B =
2Edata
where~ is givenby
Ai
’)/ =

whichis justthe numberof ‘well-determined'weightsin theanalyser

Note that v, Ejqtq, Euweights all changeduring optimisation,so the above formulae
mustbe usedassucessie estimators.This meanghat, periodically we usethe cur-
rentvaluesof the errorsetc. to re-estimatevaluesfor o*, * andthenthesetheseto
continueoptimisation.

13
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Figure7: o2 termsfrom estimatedzarianceEqn. Trainingsetonly usingsplineRBF model.
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Figure8: Meanand-+o from Bayesiarapproactwith 4-splineRBF model.
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Figure9: Meanand+o from Bayesianapproachwith 4-splineRBF modelandextrapolation. Note
theincreasingerrorbarswhenthereis no data.
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The classificationcase

Remembethe hyperparameteg correspondetb the expectednoiseon thetargets
(labels)we have. In the caseof classificationwve don't have ary noise- we assume
ourlabelsarel-of-ncodedandsonoiselessThismeanghatwe dropthedependence
on 8 in the above formulation. The meanandvarianceof the latentdistribution are
hence
a*(z) = a(z,w")

and

o’ =g'(z)H 'g()
The outputof our classifier(and for now let us just look at a single outputi.e. a
two-classproblem)is

y(z,D) = P(Cy | 2, D) = / 9(a)P(alz, D)da

wherey = g(a) is the sigmoidtransferfunction. The above is non-analytichough
andwe resortto anapproximation,

P(Cy | z, D) =~ g(k(c?)a*)

9 —1/2
K(o?) = (1 + %)

Let us seewhateffect changesn the latentvariance(uncertainty)have on our clas-

sificationprobability Considettheline a*(z) = 2. Notethattheresultantestimated
posteriorprobability goesdown towards1/2 asthe uncertaintyin a increasesRe-

memberthat the uncertaintyin a decisionis the distancefrom unity of the largest
posterioywhichis worstwhenthe posteriorequalgheclassprior (1/2in this 2-class
problem).

where

In a principledwaysouncertainty(high variance)in thelatentdistribution
Is automaticallyrepresentecsa lower certaintyof decision.

Note alsothat this processknown asmodeation, will not make the decisionswe
male differentunlesswe have a non-uniformcost matrix or usea reject option.
Thenit canhave dramaticeffects.

The generallinear model case

Sofarwe have not specifiedvhatmodelis usedin theabove. Notethatthetheoryis
general but thatwe needto estimatethe Hessiarmatrix underwhaterer modelwe
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Figure10: Changesn slopeof sigmoiddueto latentvariableuncertainty

choose.If themodelis linear in the parametergweights)thenthe Hessians very
easyto obtain.
Consideffirst thesimplecaseof ay = a where

CL:WTX

(I have includedthe biasweightin hereby ‘augmenting’theinput, x, by a column
of ones).TheHessiammatrixis givenas

T
- 9 (9F
ow \ Ow

Theerrorfunctionis givenas

2

n

TheHessians hence:
H=p Z X, X! + al
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denotingthe samplecovariancematrix as,

C= an E xnx

sotheHessians
H=3NC + al

@ Note thatthe uncertainty(variance)is dependentponH~!. This meanghat
largervaluesof N give a smallerHessian.The morepointsyou have the better
you canfit the model. Large o givesa smoothemodelandreduceshe uncer
taintyandalarge 8 meandittle noiseonthetargetsandagain givesmorecertain
models- all of this makescommonsense!Anotherway of looking attheabove
is with the eigenspectrurof H whichwill be of theform SN \; + « giving the
numberof well-determinegarametergivenby
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Figure1l: Changesn the numberof pointsgive lower certainty(plot of maximumposterior).
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We caneasilyextendthe above to the caseof the basis-functiorapproach Here
thevariablea(z) is modelledas

a(z) = w'@(z)

whereg(x) arethebasisfunctionresponset inputz, i.e. somenon-lineamapping
of z. For example this canbethesplinefunctionor a GaussianThe sameapproach
asabove givesidenticalexpressiongor the Hessiaretc. save for x replacedoy ¢.

2 ‘ ‘ : : 15
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Figure12: Changesn the numberof pointsandparametershangeheerrorbars.[top left] too mary
parametersftop right] justright. [bottomleft & right] too few points. Note how the errorbarsdrop
wheredatais. Note alsothe changeof scalein the bottomplots.

Bayesand committees

If we go backto theideaof the Laplaceapproximationwe seethatwhatit doesis to
find a modeof the posteriorP(w | D) (findsa minimumof the errorfunction) and
thenexpandsheerrorquadraticallywhichis the sameasfitting a Gaussiamumpto
the modeof the distribution. Whatwe really wantto do is to integrateover all the
parametespaceA reasonablapproachmightbejustto integrateroundeachbump
(mode)in the probability spacehoughandthenaddup theresults.Sowe integrate
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over smallregions,r; aroundeachof the mary non-equwalentminima, m;, of the
enegy function

a(z, D) =Y P(mi | D) / ai(z, w)P(w | D, m;)dw

whichwe will rewrite as
a(z,D) =Y P(m; | D)a;(z, D)

m;

whichis justa committeeof modelsin which
ai(an) - / a’z(x7W)P(W | Damz)dw

If we denotethe mixingsin thecommitteeas
vi = P(m; | D)

then we may get new expressiondor the meanand varianceassociatedvith the
distribution of a, notingthatfor acombinatiorof randomvariableghetotal variance
Is the sum of the varianceslus the varianceof the means. The meanis just the
weightedaverageover committeemembersi.e.

a= Z%’ai
i

andthevariance

2 2 2 2
Otot = O¢ + Oe + Owu

whereo? representthe committeevariance
o? = var|a;(x)]

o? thetargetnoise(andresidualbias- thoughthis is assumedo be smallcompared
to thetargetnoisefor well-formedmodels)estimatedy

2 Yi
o, = —
=35
ando?,, theparameteuncertaintyof the committee,
or, =Y _vigl (X H; 'gi(x)
1

Thisis anintuitively pleasingesultasthetotal errormayberegardedin acommon-
sensanannerasarisingfrom threedistinctcauses.

e Thefirst termpenalisevariantdecisiondetweercommitteemembers,

¢ thesecondenaliseshecommitteeasa wholeif theoutputis associateavith a
region of input spacewith hightargetnoiselevels

¢ andthethird penalisesolutionswhich have poorly setparameters.
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Figure 13: (a) single model, (b) multiple models& (c) local Gaussiampproximationaroundeach
mode.
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