
LECTURE 5: PARAMETER ESTIMATION

Therearea lot of standardtexts andcoursesin optimisationtheory. This chapter
will coveronly asubsetof thelatter. It covers,however, thefollowing:� TheEM algorithm- applicationto (e.g.)Gaussianmixturemodels.� DiscussionregardingtheHessianmatrix& its importancein optimisation.� Gradient(steepest)descent- why is it poor?� Newton& quasi-Newtonmethods.� TheBayesianapproach- why is it sodifferent?

The EM algorithm

We considerthe caseof a mixture of
�

Gaussiansandwrite the likelihoodof the� –thdatasampleon the � –thGaussianas�����
	�� ��
�� ������ 
������ �������! ���#"�$�% &(' �� �)�
	 '+* � 
-, �/.  � �)�
	 '+* � 
�0
via Bayes’mixturetheorem�����21 	43 
�� 56 �87  ���)�21 	43 � ��
 ��� ��

andthetotalevidenceof thedatasetis���:9<;>=?; 
@� AB	 7  ���)� 1 	43 

wemaytake logarithms(monotonefunction)C �EDGF ���:9<;>=?; 
@� A6 	 7  DGF ���)�21 	43 

it is this quantitythatis mostconvenientto maximise.EachGaussianhasthreesets
of free parameters;

* �IH ���
andthe prior

�J� ��
 . Maximising
C

mustbe performed
undertheconstraintthat K �J� ��
L� �

.
Takingpartialderivativesof

C
w.r.t.

* �IH ���
givesriseto thefollowing:M* � � K 	 ��� � �N� 1 	43 
 � 1 	43K 	 �J� � �N� 1 	43 
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M� � � K 	 ��� � �O� 1 	43 
 �)� 1 	43 ' M* � 
 �)� 1 	43 ' M* � 
 ,K 	 �J� � �N� 1 	43 

For thekernelpriors,

��� ��
 , thereis aconstraintthat K �QP ��� ��RS
L� �
. Wecanenforce

thisconstraintbyusingLagrangemultipliersorauxiliaryvariablesin asoftmaxfunc-
tion. Eitherwayweobtain M�J� ��
�� �T 6 	 ��� � �N�21 	43 

Theserepresentasetof threecouplednon-linearequations.It hasbeenshown thata
solutionmaybeobtainedvia theexpectation- maximisation (EM) algorithm.This is
asuccessive re-estimationtechnique.

Maximising
C

is equivalentto minimisinganerroror energy function,U � ' DGF ���:9V;>=W; 
@� ' A6 	 7  DGF ���)� 1 	43 

Considerachangein theparameters,suchthat

UYX�Z\[Y] U 	_^a` .U 	_^a` ' UYX�Z\[ � ' 6 	 DGFcb K � � 	_^a` � ��
 � 	_^a` �)� 	 � ��
K � �dX�Z\[e� ��
 �dX�Zf[O�)� 	 � ��
hg
by BayessoU 	_^a` ' UYX�Z\[ � ' 6 	 DGFcb K � � 	_^a` � ��
 � 	_^a` �)� 	 � ��
� X�Zf[ �)� 	 
 � X�Zf[ � � �N� 	 
 �dX�Z\[�� � �N� 	 
 g
Now weuseJensen’s inequality, whichstatesthat,if i �/jEk

and K � i � � �
, then:DGF 6 � i ��le� j 6 � i � DGF lm�

for any variableset
l �

. Applying thatto theabovegivesU 	_^a`on U X�Z\[ ' 6 	 6 � � X�Z\[ � � �N� 	 
pDGF b � 	_^a` � ��
 � 	_^:` ��� 	 � ��
�dX�Zf[I�)� 	 
 �dX�Z\[I� � �O� 	 
 g
which is of theform, U 	_^:` n U X�Z\[2qsr
If wegetrid of all thetermswhichwon’t change(oldones)thenwecanjustminimise
a functional

r R which is normallyreferredto astheauxilliary equation:r R � ' 6 	 6 � �dX�Zf[I� � �N� 	 
pDGFut � 	_^:` � ��
 � 	_^a` �)� 	 � ��
wv
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If we take derivativesof
r R w.r.t.

*
,
�

and
� 	_^a` (rememberingthatwe needthem

to sumto one,sowe mustusedummyvariablesin a softmaxfunctionor Lagrange
multipliers) thenwe endup with the sameEquationsasbefore,but with with the
correctnew andold parametersets.This is summarisedasfollows.

loop
use

� X�Zf[ H * X�Z\[ H � X�Z\[
to calculate

� X�Z\[ � � �N� 

use

� X�Zf[ � � �N� 
 to re-estimate a new set of

* 	_^:`
use

� X�Zf[ � � �N� 
 H * 	_^a` to re-estimate a new set of
� 	_^a`

use
� X�Zf[ � � �N� 
 H * 	_^a` H � 	_^a` to re-estimate

� 	_^:` .
let xey 9 � �dz|{

until parameters change no more (or less than some small
amount).
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Figure1: ThreeGaussianmixturefit to datausingEM.
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The} Hessian matrix

Consideranerrorsurface,shown in 1-D in Figure2, asa functionof theparameters,
or weights,of themodel.

E(w)

w
Figure2: Errorsurface.

It is worthmakingsureyouunderstandtheconceptsof:� globalminimum,� localminima,� saddle& inflexion points.

Considera local quadraticapproximationto theerrorminimum(Fig. 3). via a 2nd
orderTaylorseriesaroundsomepoint ~��U�� ~�
�� U�� ~ � 
 q � ~ ' ~ � 
(��� U������ q ���� � ~ ' ~ � 
W�<� � ~ ' ~ � 

in which � is theHessianmatrix,����� � � � U� { � � { ������ � �
Notealsothat � U�� ~�
�� � U�� ~ � 
 q � � ~ ' ~ � 
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E(w)

w
Figure3: Quadraticapproximation.

If ~�� is aminimumpoint thenthegradientis zeroandU�� ~�
�� U�� ~ � 
 q �� � ~ ' ~ � 
(�<� � ~ ' ~ � 

An eigendecompositionof � is insightful.��� � ��i � � �
so the eigenvaluesrepresentthe scalesof the curvaturealongthe principleaxesof
thelocalquadraticerrorfunction.

Gradient (steepest) descent

Thegradientdescentalgorithmis thesimplestof all optimisationroutines.It changes
theparameterssothatthenew valueslie somedistancedown thesteepesterrorgra-
dientfrom thetheold values,i.e.~ �)= q � 
���~ ��= 
 '+� � U���� 1!� 3
where

�
is theadaption rate,

kJ� � � �
.� � U canbeestimatedonablockof data,� or onasample-by-samplebasis.Thelatteris stochastic gradientdescent.
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Figure4: Hessianeigen-vectors.

Convergence

Look at thequadraticapproximation.We canwrite thegradientasa combinationof
theHessianeigenvectors, � U � 6 � � � i � � �
writing ¡ ~ � 6 � ¡ � � � �
so ¡ � � � '¢� i � � �
hence � 	_^a`� � � � '£� i � 
 � X�Z\[�
and � � �¤� �� � ~ ' ~ � 

For

¡ ~ to convergeso � � '+� i � �V� �
astheeigenvaluesareorderedfrom i�¥#¦(§ to i�¥ � 	 hencethiscanbemetby having� � �i�¥¨¦W§
Notethat theconvergencein eachprincipledirectionof theHessianis governedby
the correspondingeigenvalue. This meansthat for a poorly conditionedHessian,
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giving a long thin valley, mostof the effort will be spentgoing up anddown the
steepvalley walls in onedirectionandverylittle in gettingto theminimumalongthe
lesssteepdirection.� Gradientdescentis averypooralgorithm!� Attemptsto make is better, suchasadding‘momentum’arenotverysucessful.� It doeshave theadvantageof beingableto bestochastic,andhenceused‘on-

line’.

w

w

2

1
Figure5: Poorconvergencein a thin valley.

Newton & quasi-Newton methods

Considerthegradient©o��� U�� ~�
 asbeingestimatedvia thequadraticfunction,© � ~�
L�E� � ~ ' ~ � 

where~ � is at theminimum.Hence,~ � �E~ ' � .  ©ª «|¬ ­

Newtonstep

comparethis to ~ ��= q � 
���~ �)= 
 '+� ©
This,unlike,gradientdescent,will getto theminimumof any locally quadraticfunc-
tion in asinglestep! Notethat theNewton stepvectoralwayspointsfrom ~ to the
minimum,not justdown theline of steepestgradient.We couldusethis,but� If wearenot in anareaof theerrorsurfacewhich is not really locally quadratic

thenthestepwemakewill notgetto aminimum(but wouldgetuscloser),and
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Figure6: Poorconvergencein a thin valley - improvedusingNewton!� wewouldhaveto re-estimatetheHessianandinvert it everystepwemade.This

is ® ��T�¯ � 
 q ® ��¯ ° 
 - sohorrible.

Quasi-Newton methods

FromtheNewtonequationwehave~ ��= q � 
 ' ~ �)= 
�� '²± � © �)= q � 
 ' © �)= 
³

where

± � � .  
. The most widely usedmethodwhich re-estimatesthe inverse

Hessianis theBroyden-Fletcher-Goldfarb-Shanno (BFGS)method.Thederivation
of thisisoutof placeherebutcanbefoundin textsonoptimisation(thenomenclature
I useis from Bishop’sbook- but hedoesnotderive it either!)± �)= q � 
�� ± �)= 
 q ´µ´ �´ ��¶ ' � ± �)= 
 ¶ 
 ¶ � ± �)= 
¶¨� ± �)= 
 ¶ q � ¶ � ± �)= 
 ¶ 
?�µ� �
where ´ ��~ �)= q � 
 ' ~ �)= 
¶ �E© ��= q � 
 ' © �)= 
�·� ´´ � ¶ ' ± �)= 
 ¶¶ � ± �)= 
 ¶
To implementthequasi-Newtonapproachweneedto usethefollowing updateequa-
tion: ~ �)= q � 
L�¸~ �)= 
 ' � �)= 
 ± �)= 
W© �)= 
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As alreadysaid,the Newton step,

'¹± © , pointsus in the right direction. How do
we choosehow far to go eachtime, i.e. theparameter

� �)= 
 ? Theansweris to usea
line-searchmethod.

The line search

Weknow which line (direction)to go. Wehave two choices,� Getexactly to theminimumerroralongtheline (exactline search),or� useapproximateline-searchwhich justgetsusclose(enough).

Theformeris computationallyprohibitive, but canbeachievedby interval methods
(seeFig. 7). Thelatteris oftenachievedby fitting a localparabolic(or othersimple

a
b

c d

wmin

a

b
c

Figure7: [left] Exactline search- interval method.[right] Approximateline search- parabolamethod.

function)to theline andjust jumpingto thefunctionminimum(seeFig. 7).

The Bayesian approach

Why is theBayesianapproachto estimationdifferent?Considertwo systems,with
anoutputº , whosedensitywewishto infer, i.e.

��� º�
 . Let thesystembeconditioned
on somedataset » andparameterisedvia a setof parameters~ . The maximum-
likelihoodapproachis to optimisesomeerror functional,

U�� ~�
/� ' D¼F ��� ~ � »�
 ,
andpick the estimatorfor ~ asthat at the minimum error, or peak(known asthe
mode) of

��� ~ � »�
 . Let this parametersetbe ~�� , hencetheestimatefor theoutput
densityis: ½��� º � »�
L� ��� º � ~ � H »�


9



*

P(w | D)

w w
Figure8: Optimisersfind themodeof adistribution.

i.e. we plug in the value for the maximum-likelihoodparameterset, ~ � . This is
known asaplug-in estimator. TheBayesianapproachattemptsto expendeffortsnot
on optimisation,but on integration. This integration is known asmarginalisation
andinvolvesthe integratingout of ‘nuisance’parameters.In this simpleexample,
thenuisanceparameteris ~ , andthemarginal integral is:½��� º � »�
L� �J� º � ~ H »�
 ��� ~ � »�
 9 ~
Wecanseethatthisis anintegrationoverthedensityof ~ , andsowill giveananswer
whichdepends,not just on the modal value, ~ � , but rather on the whole distribution.
Applying Bayes’theoremgives:½��� º � »�
�� ��J� »�
 ��� º � ~ H »�
 ��� » � ~�
ª «|¬ ­

Generativemodel

��� ~�
ª «|¬ ­
Prior

9 ~
NOTE: TheBayesianapproachnow requirestwo things,� weestimatethelikelihoodof thegenerative model and� wechoosesomeform of prior.

It is this dependenceon prior informationthatmakestheBayesianapproachsodif-
ferent.Consider,� Canyou infer themeanof asetof numberswhen

T � �
?
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� How reliableis yourestimate?� Undera Bayesianscheme,the estimateswe make aredistributionswhich
encodea mixtureof information from the data andour prior beliefs about
the problem.� All methodsmake subjective assumptions,only Bayesianscomeup front
andmake theseexplicit!

A simple illustration of Bayesian learning

Consideraset » � tI¾ � v A� 7  of independentlyGaussiandistributedrandomvariables�J� ¾ � ��¿ HQÀ 
 � À��� "�$�%ÂÁ ' À ��ÃÄ¾ � ' ¿uÅ �³Æ (1)

Wewantto infer themean
¿

andtheprecision(inversevariance)
À

from thedata » ,
whoselikelihoodis givenby��� » ��¿ H³À 
 � Á À��� Æ A ��� "�$�% ' À � A6 � 7  ÃÄ¾ � ' ¿uÅ �

� Á À��� Æ A ��� "�$�% ' À � A6 � 7  ÃÄ¾ � ' ¾ Å � ' T À� Ã ¾ ' ¿uÅ � (2)

where ¾ � �T A6 � 7  ¾ � (3)

is theempiricalsamplemean.Let usfirst find themaximumlikelihoodestimatefor
bothparameterssimultaneously. Thelog-likelihoodfor thedatais givenbyDGF ��� » ��¿ H³À 
 � T � D¼F Á À��� Æ ' À � A6 � 7  � ¾ � ' ¾u
 � ' T À� Ã ¾ ' ¿uÅ � (4)

Takingthederivativeswith respectto
¿

and
À

gives:�� ¿�DGF �J� » �Ç¿ H³À 
 � T À � ¾ ' ¿ 
�� À DGF �J� » �Ç¿ H³À 
 � T� À ' �� A6 � 7  � ¾ � ' ¾È
 � ' T �JÃ ¾ ' ¿uÅ � (5)

Settingthesederivativesto zero,we obtainfor the joint maximumlikelihoodesti-
mate: M¿ � ¾ H � MÀ � �T A6 � 7  � ¾ � ' ¾u
 � (6)
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TheÉ mean
¿

is thusapproximatedby theempiricalmean,which is anunbiasedesti-
matorfor

¿
. However, thevariance

 Ê is approximatedby
 A K A� 7  � ¾ � ' ¾u
 � , which

is not unbiased.Theproperunbiasedestimatoris known to be�T ' � A6 � 7  � ¾ � ' ¾u
 �
sincefitting the meanfrom the datareducesthe numberof degreesof freedomby
one. Put in anotherway, the empiricalmean ¾ inevitably fits part of the noise,so
the expressionon the right of equation(6) systematicallyunderestimatesthe vari-
ance.This might not bea seriousproblemfor this simple2-parametermodelif

T
is sufficiently large,but theproblemis aggravatedin morecomplex classifiers(such
asneuralnetworks),whereconsiderablymoreparametershave to befitted from the
data.

Let usnow turnto thesecondalternativeof first integrating
¿

outandthenfinding
themaximumlikelihoodestimateof themarginaliseddistribution

�J� » � À 
 . Takinga
uniformprior for

¿
,
���:¿ 
L�ÌË , weobtain:��� » � À 
£� ��� » H ¿@� À 
 9V¿ � �J� » �Ç¿ H³À 
 ���:¿ 
 9V¿ � Ë ��� » ��¿ HQÀ 
 9<¿

(7)
whichafterinsertingequation(2) yields:��� » � À 
 � Ë Á À��� Æ A �-� "�$�% ' À � A6 � 7  ÃÄ¾ � ' ¾ Å � ' T À� Ã ¾ ' ¿uÅ � 9<¿

� Ë Á À��� Æ A ��� "�$�% ' À � A6 � 7  ÃÄ¾ � ' ¾ Å � "�$�% Á ' T À� Ã ¾ ' ¿uÅ � Æ 9<¿
Í Á À��� Æ 1 A .  3 ��� "�$�% ' À � A6 � 7  ÃÄ¾ � ' ¾ Å � (8)

We obtainthe maximumlikelihoodestimatefor
À

by settingthe derivative of the
log-likelihoodto zero:�� À D¼F �J� » � À 
Î� �� À Ï T ' �� DGF Á À��� Æ ' À � A6 � 7  Ã�¾ � ' ¾ Å �WÐ � k

(9)

This leadsto thecorrectunbiased estimatefor thevariance:� MÀ � �T ' � A6 � 7  � ¾ � ' ¾È
 � (10)

Thefollowing Figs. give a simpleillustrationof theBayesianlearningparadigm
in action. We assumewe know the variance,Ñ � � �

andwant to infer the mean.
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TheÉ prior is given, in theseexamplesby
���a¿ 
ÓÒ T£�ak H � 
 . Oneexampledraws 50

samples,theotheronly 2. Look at thedifferencebetweentheBayesiandensityover¿
andthesingleestimategivenby theML approach!Thiswasproducedvia thecode

blearn.m, availableon theWWW site.
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Figure9: 50samples.
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Figure10: Only 2 samples.

Wehave,sofar, only lookedatcasesin whichthemarginal integral is analytic.In
generalwehave threechoices:

1. Choose,if possible,the form of the prior so asto make the marginal integral
analytic. Theobviousdrawbackis that this form maynot truly codeour prior
beliefs.
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2.
Ô

Makesomeapproximations– wewill returnto thisattheendof thenext chapter.

3. Numericallyintegratetheexpression.This canbeefficiently achievedin many
cases(using,e.g.,variantsof Monte-Carlomethods)andthis is in keepingwith
thespirit of Bayesianlearning.
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