
LECTURE 4: HIERARCHICAL SYSTEMS

Why doesa lineardiscriminant(LD) fail for theXOR problem?Of course,be-
causetheproblemrequirestwo decisionboundaries.How abouthaving two linear
discriminators,eachworking on half of the problemwith anotherLD analyserto
decidewhich of theseto use?The latter actsasa binary or gating switch. This is
shown in Figure1.

Makesureyouunderstandhow thisworks.

Of course,we are free to uselogistic discriminatorsif we wish. Recall that the
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Figure1: Two LDAs andagatingLDA for theXOR problem.

logistic discriminator(andsometimesthe LDA) werereferredto asthe perceptron
in the late 1950sandexcitementwasgenerateddueto the apparentsimilarity to a
‘neuron’. The basicsystemof Figure1 washencereferredto as the ‘multi-layer
perceptron’(MLP). It wasrealised,furthermore,that thesecondlayerdid not need
to just be a binarygate. We hencegeneralisethe MLP structurein Figure2. This
structurecanbemodelledby thefunctionalform:���������	��
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Figure2: TheMLP

where ��

����� is a transformof theinput to a so-calledhiddenspaceand ��� is a trans-
form from thishiddenspace(or layer)to theoutput � .

Thischapterwill look, in part,in moredetailat thissystem.

The MLP

Theform of thetransformfunction ��

����� maybeseenasthatof definingcandidate
decisionboundariesin the input space.This meansthat this functioncanhave the
form of a stepfunction acting on a weightedcombinationof the inputs (with an
additionalbiasterm). A stepfunction suchasin Figure3(a) canbe used. Indeed
this makesa two-layersystemwhichworks! Thetroubleis thatthefunctionis non-
differentiable,which meansthatwe cannotuseanefficient optimisationmethod.A
functionsuchasthesigmoid(logistic) may just aseasilybeusedasin Figure3(b)
which is smooth.

Whataboutthefinal function ��������� ? We needto discussa little moreabouterror
functionalsbeforehand.

Err or functionals revisited

We have alreadylooked at the casein which we assumethat errorsin the output,����� , areGaussiandistributed. This leadsnaturally to the sum-of-squares(SSE)
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Figure3: (a)Stepfunction(hard-limiter)and(b) sigmoid.

errorfunction.
Writing � ��� ��� � � !"#%$ 

& �'� # ��� # �( )
*,+ � !- #%$ 
 . / ��� # �0� # � �

Rememberthat theerror function is thenegative log of thedensityfunctionof the
outputerrors(high uncertaintyleadsto high errors),so the SSEerror is (ignoring
constantterms): 132�2�4 � 5/ !- #%$ 
 �6� # �7� # � �
If we areto optimisethe setof parameters(weights)which make up the network
then,duringtraining,theerrormustbecapableof beingfed backinto thestructure
soasto adapttheweights(justastandardpre-requisiteof adaptivesystems).If�8�9�����;:=<,>?���������;@��
in which > is theoutputof responsesfrom thehiddenlayer, somtimesreferredto as
a latentspace, and : areadaptiveparametersthen:A 1A @ � A �A @ A 1A � � A �A @ �6�B�0�C�
if we desire D 4DFE ( �6�G���H� then �����I@��J( @ i.e. the connectivityfrom hiddento
output layers is linear. For regression,therefore,we would usethe MLP with �K
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asa sigmoidalfunction(suchasthelogistic or tanhfunctions)and � � aslinear. We
canregard this form thenasa setof logistic discriminatorswith a nestingof linear
discriminatorson top.

TheerrorsbeingGaussiandistributedaroundtheoutputis theappropriatemodel
for regression, but certainlynot for classification.

We will consider, to begin with, just two classes,L 
 and L � . If
� � L 
8�M�N�O� �

then
� � L � ���N�P� 5 �Q� . The target codingin our labelledtrainingsetconsistsof�?� 5 if � belongsto L 
 and �R�TS if �VU L � . Theprobabilitydensityis Bernoulli of

theform: � �'�W�X���Y�Z�\[]� 5 �7�,� 
_^ [
andfor ` data, � �6� ���a�Y� !"#%$ 
 ��� # � [�b � 5 �7� # � 
_^ [�b
Takingthenegativelog of thedensityfunctiongivesthecrossentropyerror function,1dc 4 � � !- #%$ 
fe � #hgji � #lk � 5 �7� # � gji � 5 �7� # �nm
Considernow just the o -th pattern’s contribution to this error (droppingthe super-
scriptto make it lessmessy...),1 � �p�6� gji � k � 5 �0�H� gji � 5 �q�,�H�
Consideragain thefeedbackerror, A 1A @ � A �A @ A 1A �
If weconsidertheoutputin theform �8��rN��@s�
whererN�t�u� is somesmooth,differentiablefunctionthen,A 1A @ ��r\vw��@s� �6�x�7�C��N� 5 �q�y�
Onceagainwedesirethisgradientfeedbackerrorto beof theform �6�B�0�C� hencer\v���@,�z�{rN��@,�|� 5 �7rN��@,�_�
which is satisfiedby rN��@,�Y� 55 k )
*,+}�t�~@,�
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i.e. just thelogisticsigmoidfunctionwehavealreadycomeacross.
If thetrainingsetis largethenwemayreplacethesummationin theerrorequation

by a integralsover � and � ,1 � � e � gji �N���N� k � 5 ���C� gji � 5 �q�N�����C�nm � �'�W���N� � ���N�t���t���� � e,� �W�X��� gji �N���N� k � 5 � � �W�����C� g�i � 5 �7�N�w���H�nm � �w���t���
which is minimisedwhen �N���N�z� � �~������� � � �6�W�����]���
whichis justasin thecaseof regression.Thebestestimateis theonewhichestimates
theconditionalaverageof thetargetson theinput.

For a2-classcoding,� �'�W���N�z�T�y�'�h� 5 � � � L 
 ���N� k �,�'�H� � � L � �����
giving �N�����Y� � �W������� � � L 
��X���
soconfirmingthatthebestestimateis alsotheposteriorprobability.

Multiple output classes

So far we have only looked at the 2-classcase. If thereare � output classes,e L 
n� ���j� � L?� m , thenanentropy errorof theform1 � � - # �- � $ 
 � # � gji � #�
may be used. This hasa minimum when �T� � andhencewe may usean error
functionrelative to thisminimum,1 � - # - � � # � gji�� � #�� # ���
which is zeroiff1 ����� . Oncemorewewantthefeedbackgradientof theerrorto be
of theform �6�B�7�H� . If � � �{rN��@y
 � �j�j� � @ � �
then rN�t��� is thesoftmaxor generalisedlogistic function,� � ��rN��@,
 � ���j� � @ � �Y� )f*s+���@ � �-n��� )f*s+}��@ �H� �

1‘if f ’ means‘if andonly if ’.
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Again just consider(for notationalease)the o -th pattern,A 1A @ � � -F��� A 1A � � � A � � �A @ �
which for thesoftmaxanderrorfunctionsdefinedabove,A � ���A @ � �{� � � � �H� � �q� � � � �
and A 1A � � � � � � �� � �
Puttingthis togethergives A 1A @ � �Z� � �7� �
justwhatwewant!

In conclusionthen,the input to hiddenfunctionmappingin anMLP consistsof
logisticdiscriminators, ��� ��rN�6: < 
_� ��� k��l��� E�� 
_� � �
andthehiddento outputmappingof

Classification: Anotherlayerof generalisedlogisticdiscriminators(whichfor more
that2 classesgivesthesoftmaxfunction)of theform� � �9��� �6: <�H� � > kq�l��� E�� �H� � �

Regression:Thefunctional �����t�u� in theaboveis just thelinearfunction,i.e. ������@,�Y�@ . The free parametersin theMLP arethe first andsecondlayerweightsand
biases.

The Radial-BasisFunction (RBF) approach

Theothermajorfeed-forwardmethodologyis thatof theRBF. We have seenin the
previouschapterhow a setof kernelsetof densityestimatorsgave riseto a method
for estimatingoutputsboth for regressionandclassification.The form of the RBF
systemis anon-lineartransformof theinputvariablesof theform:¡ � � � 
 � � � � ���j� � ��¢ � � �H�t<
following by a transformfrom thisspaceto thesetof outputs,� � � � �Y�9� � ��: <� ¡ k�� �£� E�� � � �
where ��� is eitherlinear(regression)or a logistic (incl. softmax)for classification.
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Thenon-lineartransform
�

is chosento bea functionwith goodanalyticproper-
ties(andalsoa universalapproximator)andGaussiansandthin-platesplinesarethe
mostpopular: �

Gaussian
� � �Y�{)
*s+ � � 5/ � � �p¤q� <,¥ ^y
 � � �q¤�� �

wherethecentrelocation ¤ andcovariance¥ arefreeparameters.�
spline

� � �z�{¦ � g�i ¦
where¦§�=¨ � ��¤ ¨ and ¤ is acentrelocationandis a freeparameter.

The freeparametersin anRBF arehencetheparametersof thekernelfunctions
andtheweights: (incl. biases)whichcouplethekernelfunctionsto theoutputs.

(a) (b)

Figure4: Gaussian(a)andthin-platespline(b) functionsin 2-D.
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Figure5: RBFsolutionsin aregressionproblemusing2 and5 kernelfunctions(a)& (b) and(c) & (d)
respectively andGaussiankernels(a)& (c) or thin-platesplines(b) & (d).

The MLP & RBF - differencesin learning

TheMLP, remember, hastwo setsof weightparameterswhichneedto beoptimised.
We will seelater on how this is achieved. The RBF hastwo setsof parameters,
but they arenot both ‘weights’. The first setparameterisethe non-linearmapping
functions

�
andthesecondare‘weights’ whichcouplethekernelsto theoutputs.

Two-stage(quick) learning in an RBF

Whilst in theMLP theparametersmustbesetusingsupervisedlearning,if wechoose
the kernelsin an RBF systemto form a densityestimator, thenwe may breakthe
learningin anRBFdown into two stages:

1. learningof theparametersof thekernelsand

2. learningthecouplingweightsto theoutput.

Stage(1) requiresjust theinput data,� , not any targets.Stagetwo is supervisedin
that it requiresinput-targetpairs, ��� � �H� . If theproblemis a regressiononethenthe
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outputis simplygivenas(takingthebiasweightinto thevectorproduct)�N� � �Y�{: < ¡ � � �
whichmeansthat,if wecanget

¡
then : canbeobtainedfrom fastpseudo-inverse

methods(seeChapter3). Therearetwo waysin which the setof
¡

arenormally
obtained.

1. Chooseeachkernel(Gaussian)at randomor putoneoneachdatum,or

2. optimisea (smaller)setof kernels(Gaussians)to fit thedatadensity
� � � � .

Whendiscussinggeneralisationwesaw thatthemoreparameters(kernels)themore
complex functionscouldbefitted. Too many kernelsandwe overfit andlearnnoise
aswell asthefunctionswe want to estimate.Scheme(2) hastheadvantagethat, if
only a few kernelsareneeded,they will beplacedin reasonablepositionsandhave
reasonablewidths.Wewill look in thenext Chapterathow to optimisesuchaset(of
Gaussians).Scheme(1) hastheadvantageof speedbut theproblemsthat:© if only a few kernelsarewanted,randomlyplacingthemmaybebad,and© having oneoneverydatumis arecipefor overfitting(wecomebackto thispoint

in adiscussionof regularisationlaterin thisChapter).

The full optimisation method

Of course,all theparametersof theMLP andtheRBFmaybeoptmisedby adapting
themto minimisethe appropriateerror function. This is fully supervisedlearning.
To performoptimisationthegradientof theerrorfunctionwith respectto all thefree
parametersmustbe calculated.For all the systemswe have looked at this canbe
doneanalytically(seeExercises4).

Regularisation- a brief intr oduction

Wewill comebackto theissuesof regularisationlateron. For now wewill just look
at thebasicidea.

Whenwe look at a systemthat generalisespoorly we seethat the output is too
flexible, it bendsto fit noiseratherthansmoothlypassingthroughtthe data. This
over-curvaturecanbedefinedvia thesecondderivativetermof theinput-outputmap-
ping. A simpleregularisederrortermis oneof theform1«ª­¬�® � 1d¯ E [ E k±°�²§³³³³ A � �A � � ³³³³�´
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whereµ 1 ¯ E [ E is thedata-dependenterrortermsuchasthesum-of-squaresfunctional.
Let’s justconsiderasimpleRBFnetwork,with asingleGaussianbasisfunctionwith
variancegivenby ¶ � , �8� � � ����� k��l��� E��
for which, A �A � � A �A � A �A � � � �¶ � ���=�q·�� � ���N�
hence A � �A � � � � �¶ � � ����� k �¶�¸ �����q·V� � � �����
whenwetakeexpectationsover thedatasetthe ���¹�º·�� � termis closeto `J¶ � where` is thenumberof datapoints. If this is largethenthesecondtermin theEquation
dominatesand ²§³³³³ A � �A � � ³³³³ ´¼» ` � � � � �����¶ �
wheretheabsolutevaluebars ���6� areonly neededaroundtheweighttermasall others
arestrictly non-negative. We canwrite � � ��� ½ � � aswell. We seethat the regu-
larisederrorfunctionwill bemadesmaller(bettersolutions)if thesecondderivative
termgetssmaller. This meansthatsmallervaluesof

� �
andlargervaluesof ¶ � are

favoured. Note alsothat it (intuitively) saysthat a smallernumberof pointsgives
riseto a smoothersolution.We will comebackto theissueof the

� �
termlateron.

Figure6 showsa50-kernelRBFwith changingvaluesof ¶ � .
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Figure6: RBF solutionsin a regressionproblemusing50 Gaussiankernelfunctionsandcovariances¾G¿ÁÀ�Ât¾YÃÅÄ;ÆÈÇ�É
. (a-d)
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