LECTURE 3: DENSITY & DISCRIMINANTS

In this chaptemwe considerthe important(andobvious) point; the resultantclass
boundariesaredependentiponthetype of analysismodelwe propose.We will re-
strict ourselhes (for brevity only, aswe may regard classificationasa specialcase
of regressiomarnyhow) to the problemsof classification.As we have seen classifi-
cationshouldbe baseduponposteriorprobabilities.How do we getthe posteriors?
Remembethatthe posteriomprobabilitiesaregivenin termsof the class-conditional
priorsandlik elihoodfunctions.We have threechoices:

1. Estimatethe priorsandlikelihoodsin Bayes’theorem.

2. Estimatesomediscriminantfunctionwhich is monotonein the posteriorsi.e.
choosingthe classwith the largestdiscriminantis equvalentto choosingthe
maximumposteriorclass.

3. By-passthe issueof estimatingpriors andlik elihoodsaltogetherand estimate
posteriordirectly.

Somemethodghough(e.g. thelineardiscriminantanalyser)canfall into all three-
it depend®nhow we look atit!

Estimating the densities

This sectionwill detail, in principle, how we might make and utilise estimatesf
the quantitiesrequired. Later on we will seein much more detail how parameter
estimatiormaybeachieed.

Priors

We may believe in somesimplewaysto estimatethe priors, eitherby settingthem
all equalto 1/#C or, for N examples

~ n
PGy =+
the problemthenremainsof estimatinghelikelihoodfunctions,P(z | Cy).

Lik elihoods

We may regard methodsof estimatingthe likelihoodfunctionsas methodsof esti-
mating the class-conditionaprobability densityfunctions We will considerthree
mainapproachesjependingnthemodel:

e Non-parametric



e Parametric
e Semi-parametric

Non-parametric: We estimatethe classlikelihoodfunctionsfor exampleby ‘his-
togrambinning’ methods- basicallycountingtraining setdatadensityover the

featurespace.
Parametric methods: make a strong assumptioraboutthe form of the likelihood

functions. Oftenit is assumedhat eachclassis Gaussiardistributed. The
likelihoodfor classA, say is thusthe (multi-variate)Gaussiarunction. Soif x

IS ap-vector
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wherey is thecentre(mean)of classC; andF isthe(p x p) covariancematrix.

P(X | Ck) =

x10

Figurel: Bivariatenormaldensity

Semi-parametric: We assumehateachclassmaynotbemodelledasasingleGaus-
siandensityfunction,but thatits truedensityfunction(likelihoodfunction)may
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be approximatedisingmore than one Gaussiar{or someothertype of special
function).

Non-parametric methods

Non-parametrienethodsuseall theavailabledataandplaceakernelfunctionateach
point. Thisis the ParzenwindowsapproachOftenthis kernelis a Gaussianywhose
width maybecommornto all pointsandgovernsthesmoothnesesf thePDFestimate.
This may beregardedasa specialcaseof a kernelmixture modelwherewe do not
requirethelocationsto beoptimised.If we useavariablesize(hyper) spherearound
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Figure2: Parzenwindows with GaussiansDataandPDFestimatedor widthsof 0.5, 2, 4.

eachdatapoint,we arrive at.

The K-nearest-neighbourclassifier

Basictheory— Theprobabilitythatavector x, dravn from P(x) lieswithin aregion
R

P(x€R) = /R P(x)dx
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If we have atotal of NV points,thenanestimateof this probabilityis
P(xeR)~ k/N

k is numberof pointsin R. Assumethatfunctionsarecontinuousandvariationis
smallin R
P(x€eR)~ P(x)V

whereV is the (hyper)volumeof R. Combiningtheabove equationgives

_ k
TNV
¢ Noteinherentconflictin assumptions!

P(x)

Supposdhe training setto have n; vectorsfor classC; andn vectorsin total.
Allow the volume of a small (hyper)sphereto increaseuntil exactly & pointsare
within it, thenestimatesnaybemade...

likelihoods ,
P(X | Cz) = ’I’LZV
evidence .
PO =Ty
andpriors |
P(Cy) ="
n

usingBayes’therorem

P(C; 1 = P - 2

anelegantsolution!
If welet k = 1 thenwe getthe nearest-neighbouclassifier In practisewe must
searcHor an‘optimal’ valueof k£, onethatgetsbestresultsonthevalidationset

The NN classifierand the Bayes’ error

THEOREM
Theerrorrateof theNN classifienis boundedoelov by the Bayes’error,

ENN > EBayes
andabove by twice the Bayes’error, in thelimit of infinite data,

ENN < 2E’Bayes



Figure3: Decisionboundarygeneratedby a nearest-neighbowlassifier

PROOF
Theproof of thelower boundis trivial. We have alreadyseenthat E'g,.; represents
thelowesterror, all classifiersareboundedoelav by thisthen.

Let 7 bethetrainingsetsuchthat(z’,¢') € 7. TheNN rule stateghatdatumz
(with trueclasst) is classifiedo ¢’ if 2’ istheNN to z. Theerrorrateonz is hence,

Enn(z,2') =Pt #1t | z,2/) =Y Plt=t,t #t| 2,7
makingindependencassumptionghis breaksdown to:
Enn(z,2') = ) Plt=t;|z)P(t #1 | ) (1)
= ) P(t=t|z)[1-P{t =t;|2)]

If we allow thenumberof pointsto tendto co then,asz is closeto 2’ (they areNNSs)
o)

P{t'=t;|z') = Pt =t; | x)
hence

ENN($,$/) ~ ZP(t:t”x)[l—P(t:ti\x)} (2)
= 1-) Plt=t;|z)
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Usingthefactthatwe only classifyto the classwith thelargestposterior which we
assumelominateghe summationandfiddling arounda bit moregives:

1—Pt=t"|2)><2[l—P(t=1t"]z)] = 2EBayes

Parametric form

FromBayes'theorentlassificatiorgoeso classwith largesta posterioriprobability
Takinglogsgives

In P(Cy | x) =In P(x | Ck) + In P(Cy) — In P(x)
thedecisionboundarybetweerclasses and! is when
In P(Cy | x) =1n P(C; | x)

l.e.
IIlP(X | Ck) —l—lnP(C’k) = IIlP(X | Cl) —|—111P(Cl)

whichwe will write usingadiscriminantfunctiony as
yr(X) = yi(x)
for multi-variateGaussiarapproximationso eachclass(parametricase)so,
1 1 Ty-1
yk(x) = —511“ |Xk| — §(X — ) B (x — py) + 1In P(Cy)

whichgivesaquadmatic decisionboundaryIf thecovariancematricesof bothclasses
areequal(to X say)then(expandingthetermsin braclets)

1 _
yk(X):_§(XTz X = T = X2 4 27 ) + In P(Cy)

asy is symmetricthensois its inverseandhence
WS x=xTs
we thuswrite
0 = S )% + (S, + I P(G)

whichis of theform
yp(x) = wlx + wy

I.e. alinear discriminantfunction



y=w'X + w,

O O O

Figure4: Lineardiscriminantfunction.

Linear discriminants - a least-squaesapproach

We may also considerthe settingof weightsin for an ‘optimal’ discriminantvia
minimisationof an errorfunctional. This errorfunctionalis (for LDA) takento be
the sum-of-squaregrror. You shouldbe familiar with the fact that the LS error
functionis corvex with a single global minimum. Goodoptimiserswill gettherein
onestep.We canalsopitch the problemasoneof matrix psuedo-imersionwhichis
cheapandfast.

For asum-of-squaresrrorterm,thetotal errormaybewritten as

E= %Z(Y(Xn) - tn)2
1 o T 2
E:§Z(W Xy — tn)



Differentiationw.r.t. w gives

Z(WTXn —t,)x,) =0

n=1

rearranginghis andputtingit into matrix notationgives
(XTX)W'=&'T
we wishto solve for WT whichis obtainedrom
W' =X'T
whereX' is known asthe pseudo-imerseof X

X' = (XTX)"1XT

Logistic discrimination
Look ata moreflexible casewherea monotonenon-linearfunctiong is introduced.
y = g(wlx + wp)

Considerparametriclikelihoodsof Gaussiansn a two classproblem,with equal
covarianceslUseasimplediscriminantmeasure

I P(x | Cy)P(Cy)
= {P<x|cl>P<cz>}

FromBayes'theorem
P(x | Cr)P(Ck)

P(C, | x) =
(G 1X) = P CoP(Co) + Px | COP(C)
for thegivenfunctiona thisis equwvalentto
1
P - =
(o1 %) = T gepr=ay = 9@

which is a non-linearfunctionknown asthe logistic sigmoidfunction Substituting
the Gaussiartik elihoodequationsnto theabove (for a) givesa in theform

yr(x) = g(a) = g(w' x + wy)

where
W =37y, — )



andl
1

wo =~ Xy + %ufﬁ‘lm +In 1;((2';))
this discriminantfunction allows probabilitiesto be estimatedatherthanjust deci-
sionmeasures- very useful!
It wasnoticedin thelate 1950sthatthefunctionalform of thelogistic discrimina-
tor wasverysimilar to thatof a biologicalneuron.Thelogistic discriminatons also

referredto asa perception or neuonfor thisreason.
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Figure6: Neuron.

11



Semi-parametric methods

Laterin the coursewe will seehow to modeldensitiesusinga (small) numberof
kernelor basisfunctions.For now we assumehateachclass-conditionallensitycan
bewell-modelledusing,e.g.,a mixture of Gaussians.

Let G, bethe mixture modelfor classC}, hence:

P(z | Cy) = ZﬂkPa:|gJ

from Bayes’'mixturetheorem Now considerthe posterior

P(Cy)

P(Ck]2) = Pl | G) ot

= P(z | Ck)vk

Combiningtheabove gives,

Jk
P(Cy|z) =" ) niP(z|g})

J=1

which canbewritten as:
P(Cy | z) Zka T | gJ

which canitself bewrittenin vectorform as:
P(Cy | ) = wj ¢,

where ¢, is the vector of response$rom the J; kernelswhich make up G,. The
form of theabove equations justthatof alinearclassifieiwith inputsgivenby these
responsedn this formatthe classifiens oftenknown asa mixture classifier

We may; of course male the setof kernelscommonto all the classedy using
alargermodelG = U;G,. Theabove formulationis the same save thatthe weight
vectorsw;, now have aseriesof zeros.Notingthatg is really justanestimateof the
densityof {z} sowe mayfit a modelto the classunconditionaldata.If ¢(z) is the
setof responsesf G thenwe mayconsiderthe classifier:

P(Cy | 2) = wi ¢ + wou

wherewy . is a bias(offset) termasin the linear classifierlooked at earlier Giving
¢ anextraelementg[0] = 1, Vz letsuswrite:

P(Cy | z) = wi¢
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It turnsout thatthe above forms a generalmethodfor function estimation,and
thatG doesnot have to be a densityestimate.For example,we couldjust aseasily
write for regression:

y=w'¢
We startedout forming theweightsw from probabilitiesin this section.This means
that the weightsare constrainedpositve and unity sum). We canrelax this con-
straint(especiallyif G is not a densityestimator)but the outputswe get may only
be discriminants. Following the sameargumentas for the logistic regressor we
canestimateposteriordy allowing thesediscriminantdo passthrougha sigmoidal
function.

This system,of forming a non-linearkernelrepresentationf the data,followed
by asimpletransformof thekernelresponsess known asthe Radial-Basid~unction
or RBF analyser It is usuallyreferredto asa form of neual network As we have
seenthough,thereis not muchneuralaboutit.
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Figure7: Classificatiorover class'non-patient’of tremordata.
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