LECTURE 8: UNSUPERVISED METHODS

Data Segmentation

A data segmentation is the partition of a dataspaceinto a setof non-overlapping
regionswhoseunionis the data. Oftenwe will performsucha segmentatioraswe
believe thatit will:

e decompos¢hedatasetinto a seriesof meaningful components. However....
¢ thereis aproblemin telling a computemwhata ‘meaningfulsegmentation’is
e A setof ratherheuristic'rules’ is oftenquoted

1. Segmentationshouldbe homogeneousm somequantity
2. Partitionsshouldbe‘simple’.
3. Boundarieshouldbe‘simple’.

Thereare, primarily, two domainsin which we may achieve a practicalsegmenta-
tion, the observation domain andthefeature domain.

Obsenationdomain seggmentationlooks to describeedgesbetweenregions of an
obsenationsset, suchas a time seriesor image,basedon the temporalor spatial
propertieof thedata.
Featurespacesegmentationperformsa mappingof the obserationsto somefea-
ture spaceon thebasisof measurementsom eachobsenationandits ervironment.
Onceafeaturespaces createdwve look to partition this space.Thesepartitionsare
mappedbackontothe obsenationspaceandform the basisof segmentation.

The latter methodologyhasthe advantagethat, in principle, both featuresof the
obenations and information regarding their context (local relationships)may be
takeninto accounin the partitioning.

Unsupervised methods

To recap,therearetwo approaches$o the segmentationof a patternspace namely
unsupervised andsupervised methods.

Givenaspacan whichto performa partitioning,unsupervisegartitioningrelies
on thefactthat patterns (feature vectors) belonging to the same object or state tend
to have similar feature vectors andvice versa. This meanghatsegmentatiorof the
datasetrelieson finding the ‘blobs’ or ‘clumps’ which dominatefeaturespacegwe
hope).In the caseof unsupervisegartitioning:
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Figurel: An exampleof imageseggmentation:Obsenationspace(a) andfeaturespacg(b) segmenta-
tion.

Each node/cluster/blob is taken to be a class. Hence if we search for the
positions and shapes of K clusters, the data will be segmented into K
regions. Generally, we do not know K ahead of time, and methods for
assessing the probable number of clusters in a data set are a subject of
active research.

Clustering

On a broad, descriptve level clusteranalysisalgorithmscan be broken into two
distinctphases. Firstly, a modelfitting phase wherebysomepartition hypothesis
of complity K, Hx say is ‘optimally’ fitted to the dataset. Secondlya model
validationphasewherebythe setof {Hy} areassessedccordingto somecluster
validity criterionandthe‘optimal’ partitionhypothesisselected.

We make the distinction betweenhierarchical and partitional fitting methods.
For themostpart,the formeractby partitioningthe datasetinto successiely fewer
structurespasedupon memging structureswvhich have sufiicient similarity. Sucha

l0Onecouldarguethat,in the caseof Bayesiarinferencemethodsthesetwo phasesresointerelatedasto form asinglemethodol-
ogy, however.
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methodgivesriseto a dendogram which,amongsbtherpropertiesdetailsthe num-
berof structureobtainedasa functionof somememging threshold With athreshold
of zerothenumberof structureequalshe numberof dataanda high thresholdpar
titions the entiredatasetasa singlecluster Obsenation of the dendograniinkage
may thenbe usedto selectan appropriatenumberof stuctureswithin the data(this
Is often basedupona partition’s ‘lifetime’ — the rangeover which a partitioningis
stablewith respecto changesn themeugingthreshold). Themajordravbackof the
hierarchicabpproachs thattheentiredendogranms sensitve to (possiblyerroneous)
previous clustermerging i.e. dataare not permittedto changeclustermembership
onceassignmenhastakenplace.

Partitional methodstypically startwith a datapartitioninginto a small number
of clustersand increasethe numberof partitionsinto which the datais divided.
The precisepartitioningis performedso asto minimize or maximizesomeobjec-
tive function. A datumis, furthermore free to changeits partition membershipn
sucha scheme.The precisechoiceof objectve function clearly hasa very strong



Figure4:

bearingon the partitioningof the data,indeedthe mostpopular the total squareer-
ror betweenH i andthe data,impliesthatthe datawill be modelledby the fitting
of hyperellipsoidalclustersandwhethemwe mayassumehatclusterg(if they exist)
aremultivariateGaussiardistributedis an openquestionfor mary datasets. Many
methoddor rankingthe validity of datamodelsof differing compleity (numberof
partitions)have beenproposed.Most, however, rely (implicitly or explicitly) upon
estimatef within- andbetween-clustescattematrices. The major problemwith
this approachpf coursejs thatif datado not conformto the assumptionsnadeby
the techniquethenthe latter may imposestructureon the dataandnot disclosethe
‘true’ structure.This is alsothe casewhenclustershave widely differing numbers
of membersTheobjectve functionmaybeimprovedby artificially splitting a clus-
ter with a large numberof memberanore ratherthanrecognisingonewith a small
number The useof ‘fuzzy’ clustermethodgwherebya datums membershipmay
be distributedover mary clusters)may be incorporatednto the genreof partitional
methodswith relatve easeandhasproved popular

Suchan extensionto the modelling processs certainly more representate of
‘real’ data. Therearestill, however, difficultiesencounteredThe ‘optimal’ number
of clustersmustbe estimatedthe location and shapeof the clustersis invariably
unknovn andtheremaybea largevariability in thenumberof datamembersn each
cluster

Maximum Likelihood mixture models: EM & K-meansAlgorithms

We considerthe caseof a dataset, X = {x,},n = 1..N whereX C R’ Let
the distribution of datain X form a probability densityfunctiondenotedoy P(X).
We may estimatethis densityfunction,in thelimit, by consideringt asa weighted
combinationof all possibledatamodels, M, eachone of which is specifiedby a



parametevectorw”!

P(X) = /M / MP(X|M,WM)P(M,WM)dWMdM (1)

Suchacomple specifications normallyconstraineduchthatwe look only ata par
ticular classof models,suchasthosewith the propertyof universalapproximation,
the Gaussiamixture model(GMM) beinga popularchoice. We may thenspecify
eachGMM by a singleparameterk’, which describeshe compleity of the model
(the numberof Gaussiarkernels).If, furthermore we assumeasis commonprac-
tise, thatthe probability distribution of the within-modelfree parametersspecified
by wX, is dominatedby a single, mostprobable solution,w?; ,, thenEquation(1)
reducego

K
For easeof notationwe assumehat, for every modelspecifiedby K, dependence

uponwX , isimplied. Bayes'theorenthenstateshat(dropppingthe w terms)

P(X | K)P(K)
P(X)

P(K|X)= 3)

wheretheevidenceterm, P(X), is givenby Equation(2). Asthenumberof Gaussian
kernels, K, specifiesthe numberof datapartitions,we mayuse P(K | X) asa
partitionvalidationmeasure.

Parameter Estimation

In previouschaptersve have alreadylookedat the Expectation-Maximisatio(EM)
algorithmfor sucessie re-estimatiorof parameterg.g. in a mixture modelandthe
formulationof the parameteupdatedollows this approachere.

Thelikelihoodtermin Equation(3), if we assumeV independentlatasamples,
maybewritten as

P(X | K)= prnu( (4)

FromBayes’theorenfor mixtureswe maywrlte theabore as

P(X | K) = 1;[

where P(k) is thea priori probability of the k-th kernelin the GMM. The within-
modelparametevector w », however, still remaingo beestimatedor eachmodel.

P(xy | k)P (k) (5)




TheEM approachultimatelyseekgo maximisethelogarithmof Equation(4), namely

N
> log P(x, | K). (6)

n=1

This maximisations subjectto the constrainthat

K
Y P(k)=1. 7)
k=1
and
P(Xn | k,Wk) = P(Xn | k7l"’k’2k) (8)

1 1 Ty—1
- (27’1’)d/2|2k|1/2 exp [_i(xn - I"’k) zk (Xn - I"’k)

Theauxilliary Equationin the EM updatetakestheform
Q= - Z Z Powa(k | xn) In{ Poew (k) Prew(Xn | k) } 9)
n k

If we let the free parametersf eachcomponentfk, of the GMM be specifiedby a
parametevectorwy, (i.e. themeanu, andcovariancematrix, 3, for eachk andthe
mixture priors P(k)) thencombiningEquationg5,6) anddifferentiatingequation9
with respecto the parameter$or the k-th componenbf the mixturegives:

N
Z Pold(k | Xn)xn
pp = (10)
Z Pold(k | Xn)
n=1

N
Z Poa(k | xn)(xn — pi™) (X0 — “Zew)-r
Ezew — n=1

N
Z Pold(k | Xn)
n=1

N
1
Pnew(k) - N Z Pold(k | Xn)
n=1



K-means

If we allow the setof posteriorprobabilities,P(k | x,,), to collapseto theset P’ (k |
X, ) suchthat

1 iff k = argmazi{P(k | x,)}

0 otherwise (11)

Pk %) = {
thenthe abore maximum-likelihood (EM) updatesolution becomeghe K-means
approachwith the caveatthatnormallythe covariancesandpriorsarenot estimated
aspartof the optimisation- they areassignedfter the meanshave corverged. Like
the ML approachK-meansmay be implementedusingbatchor incrementaklgo-
rithms. Thelatterinvokesa simpleadaptionrate,n, suchthatat eachiterationstep,
t andpresentatiormf patternx[t], themeanclosest to x[t] is adaptediia:

plt + 1] = pft] — n(plt] — x[t])

l.e. astochastigradientdescent An extensionof K-meansthe so-calledfuzzy K-
means)ooksto updateall the kernelmeanshot just the oneclosestto the pattern.
Eachmeanis henceadaptedin a batchalgorithm,usingthe sameupdateprocedure
asEM, or for astochasti@lgorithm,theadaptiorrate,n, of K-meands replacedy:

n'[t] = nP(k | x[t])

l.e. adaptionis governedby the membershigo eachkernel. A problemis thatto
estimatahe posteriordmembershipsive needto have estimatedor thecovariances
andpriors. The valueof the K-meansapproachess mainly in their computational
simplicity andhencespeed.

Let uslook at a simple example. Figures5,6 shows the resultsof applying a
simplesegmentatiorof the (in)famoudris dataset. Therearethreetypesof iris and
thefeaturesaremeasuresf petallengthandwidth.
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Figure5: Partitioningof theIris datausingK-means.

Figure6: Partitioningof thelris datausingEM.



Cluster Validity

We muststartby notingthatthe useof eitherthe K-meansor the ML approachm-
posesanimplicit assumptiorof hyperellipsoidalclusterson the datamodel. Most
clustervalidity measurearebaseduponestimate®f the kernelcovariancematrices
for agivenmodelcompleity (numberof kernelsin the GMM). This paperassesses
four partition validity measuresor the GMM, eachof which is detailedin the fol-
lowing subsectionsWe notethatall measuresnay be appliedto boththe ML and
the K-meangartitioningmethods.

A comparison

The resultsfrom several clusteringapproachesre compared all usingthe same
modelparameter¢from the EM algorithm).

1. A Bayesiarapproach definedoy Robertq1997)Within aBayesiarsetting,the
evidence of thedatasetmaybe obtainedrom the marginal integral:

P(X | M) = / P(X | Mg wi)P(w | Mdwre  (12)

WK

where P(wg | My) is the prior parametemrobability density for the K-
componentimodel. For notationalcornvenience we will derie all resultsas-
suminga K -componenGaussiaMixture Model (GMM) anddroptheexplicit
conditionson M in theabove equationthusEquation(12) is rewritten as

P(X) = / P(X | w)P(w)dw (13)

We denoteL (X | w) asthelog-likelihood of the datagiventhe parametersnd
themodeli.e.
L(X |w)=InP(X | w) (14)

andrewrite Equation(13)in theform
P(X) = / exp{—E(w)}dw (15)
wherethe enegy function, F(w), is definedas
E(w) = ~L(X | w) — In P(w) (16)

If we areto avoid the computationaéxpenseof numericallyintegratinga high-
dimensionaparametespaceve may make theassumptiorthat £(w) hasalo-
calquadratidorm (the posteriomparametedistributionis Gaussiarandsharply



pealed) arounda most-probable state,representedia the most-probablea-
rameterset, wy,p. ExpandingE(w) asa Taylor seriesto second-ordeterms
gives

oOF
E(w) = E(wyp)+ (W—wyp) 8W(]\:VP) (17)
1 T 0°E(w)
+ E(W — Wup) owlip |, (W —wup)
Setting .
g 2EW)
OwWyp W

(sothatH is theHessiammatrix of E(w) evaluatedatw,p) andnotingthatthe
first-ordertermof Equation(17)is equalto zero,we obtainthefollowing from
Equationg15,17)
1
P(X) = exp{—E(WMp)}/ exp {—§(W —wyp) H(w — WMP)} dw
) (18)
whichis of standardorm andequatego
P(X) = (2n)%/2|H|" 2 exp{—E(wp)} (19)
whereN,, is thenumberof parameters themodel. Takinglogarithmsof Equa-
tion (19) andcombiningit with Equation(16) gives
N, 1
InP(X)=L(X | wyp)+InP(wyp) + 7” In(27) — 3 In |H| (20)

This expressionconsistsof two components.The first term, L(X | wup),

getslargeras N, increasesTherestof the expressiortendsto decrease dueto

the Hessiancomponentisthe determinanof the N, x N, matrix canrapidly

increasewith V,. Thewhole expressiorcanhencebe seemasfinding abalance
betweerfitting the datawell andfinding a simplemodel.

. Fuzzy hypervolume (FHV) : this looks at modelswith lowesttotal volume,
definedvia

V(E)=> /%l (21)

k=1

. Evidencedensity: this measureusesthe FHV measureo penalisethe data
likelihoodmeasurelt is definedas

oK) = =2~ (22)
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Figure7: Fuzzyhypervolume(FHV).

4. Minimum descriptioriength(MDL) : dervedby Rissaner§1978)from aninformation-
theoreticperspectie, MDL is definedvia

MDL(K) = ~L(K) + 5 N,(K) log N (23)
where,asbefore,N,(K) is thenumberof parameters the K Gaussiamodel.
5. Partition coeficient (PC): thisis definedby Bezdek(1981)
PO(K) = 375" Pk ) (24)
N n=1 k=1

6. Minimum messagé¢ength: thisis definedin thework of Oliveret al. (Monash
Universityin Australia)andis similarin essencé¢o the Bayesiarapproachout
derivedin adifferentway.

Synthetic data 1

| first investicatethe propertiesof thesemodelselectionmethodson a simpletwo-
dimensionaltoy problem. Datawas generatedrom four Gaussianseachwith a

11



common(isotropic)width, o,.,,, andmeansgivenby

! (25)

atotal of 30 samplegerGaussiamweretaken,making N = 120. Thewidth wasset
to o,e, = {0.66, 1.0, 1.2}. Theresultantdatasetsarepresentedh Figure(8)2.
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Figure8: Syntheticdatal: (a) 04er, = 0.66, () 0ger, = 1.0, (C) Ogen, = 1.2.

Resultsare presentedver ten runs of the EM algorithm, eachwith a different
randomnumberseed.Figures(9,10& 11) shav themeanand+1 SDfor K = 2...7
for:

¢ Bayesiammethod: we plot the negative log likelihoodhencemodelsupportis
higherfor lower valuesof this quantity

Fuzzyhypervolume(FHV).

Evidencedensity

Minimum descriptionength.

Partition coeficient: we plot 1 — PC(K), hencemodelsupportis higherfor
lower valuesof this quantity

e Minimum messagéength.

We seeclearly that, in the simple caseof 0,4, = 0.66, all methodsgive great-
estsupportto the ‘true’ model. As o, increaseshowever, all methodssave for
the Bayesiarone,MML andMDL becomeerratic(highervariance)andmake poor
assessments.

2Notethatthe datasetsarenormalisecsuchthatthey have a zeromeanandunity intra-componentovariance- thisis why thedata
appeare-scaledn theplots.
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Figure9: Model-selectiorfunctionsfor syntheticdataset,o ., = 0.66.

Synthetic data 2

The secondoy probleml show takesthe form, oncemore,of datageneratedrom
four Gaussians.In this case,however, they are pairedsuchthat eachpair hasa
commonmean,i.e. p; = py andps = py. |1 sSetoy = o3 = 1 andoy = g4 = 5.
| samplel000pointsfrom this distribution, taking 250 from eachGaussian.Once
more, the entire datasetis normalisedio zero meanand unit varianceandthis is
showvn in Figure(12). | applythe samemethodologyasthe previous sectionandthe
resultsareshowvn in Figure(13). We notethatbothMDL andthe Bayesiammethod
clearly supporttwo-clusteraswell asthe (true) four-clustermodels.Othermethods
give the mostsupportfor two clustersthoughthereis a slight dip in the measures
(moresupportfor N.,s:ers = 4. Notealsothat,dueto large NV, thereis low variance
in theplots- the+1 SD barsarebarelyvisible.

Gaussian-mixture segmentation, some conclusions

¢ The Gaussiammixture model(GMM) is by far the mostpopularmethod.t is
analyticallysimpleandgivesgoodresults.

e TheEM algorithmmaybeusedto estimatehe parameters.
e However, it looksfor Gaussian clusteran datasets.

e The probablenumberof partitions may be estimatedusing simple methods
which look to minimise within-cluster variance(so giving high likelihoods)
andmaximisebetween-cluster variance(sogiving modelswith smallvolume)-
methodssuchasthelik elihooddensitymeasuralo justthis.
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Figure10: Model-selectiorfunctionsfor syntheticdataset,o ., = 1.0.

e Methodsof model-order selection basedon information theory (incl. Bayesian
statistics)areprobablythe bestthough.

A generabproblemwith kernel-basednethodds thateachclassis assumedo be
unimodal andGaussian (e.g.). This meanghatonly convex datapartitionsmay be
found.

Scale-space approaches

Considemow theeffect of blurring adatasetwith sucessiely largerblurringfilters.
Peaksn thelocal datadensitygraduallybegin to be meiged. This processs rather
similar to finding a dendrogranfor the dataasthe size of the blurring functionis
similar to a meging threshold.At somescalesof blurring, though,the structureof
the peaksin the datadensityremainsfairly constantandthis allows usto definea
stablepartitiongover somescale-spaceange.Thelargerthisrange the morelikely
thatwe have discovered‘true’ structuren thedata.Figuresl5, 16 shav thisprocess
in operationon asimpledataset. Notethat Gaussiamixturesgetit right also.

Figurel7 shavsadifficult datasetwith threeclusters.Gaussiamixturemethods
fail here,but thescale-spaapproactsucceeds.
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Figure11: Model-selectiorfunctionsfor syntheticdataset,o,.,, = 1.2. Notethegrace-
ful breakdavn of bothMDL andthe Bayesiamrmethod.
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Figure12: Syntheticdataset2: two pairsof joint-meancomponent$1000datapoint).
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Figure13: Syntheticdataset2: Model supportresults. Note that both MDL andthe
Bayesiammethodclearlysupportwo-clusteraswell asthe (true)four-clustermodel.
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Figure 14: Partitioning of the Ring dataset(a). The EM approacHtails (d) and more spohisticated
methodsareneededo getthe correctresults(b,c).
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Figure15: Sucessie blurring of a simple5-clusterdataset(a). K-meansandEM with FHV penalties
(b) andscale-spacpatrtitioning(c,d).

Figure16: Thegradientson the smoothedlensitysurfacelet eachdatumpointto its clustermember
ship(a) sogiving a partitioning(b).
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work (c,d).
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Topographic approaches

Topographicapproachearetypified by the Salf-Organising Map (SOM) originally
proposedy Kohonenn theearly1980s.His inspirationcamefrom the existenceof
mapsin thebrain,suchasthemotorcortex homonculousn which physically nearby
regionsof neurongelateto physically nearbyregionsof the body.
TheSOMattemptedo producea map(setof neuronor prototypevectors)which

¢ Offereda‘natural’ representationf data
e preseredtopologyfrom datato themap
e wasun-supervisedh its training (learning)

Considera mappinggy : A — B whereB representan array of outputunits
labelledby theindices|[j, k], ® and A aninput-space with inputsrepresentetly the
vectorset{x}. Let eachoutputunit have a weight vectorassociatedvith it, say
m;(t), whosedimensions the sameasthatof theinputvectors.

In orderto obtainthe mappingg, theweightvectors,mj;, areinitially givenran-
domvaluesandtheinputdataset,{x}, is thenpresentediepeatedlyandin random
order to the network. At eachpresentatiorof aninput vector x(¢), we compute
for eachoutputunit the Euclideandistancejn input-spacebetweenmj;(¢) andx;
andselectthe unit, [j, k£]*, with the minimum distance(figure). A neighbourhood
N around[j, k]* is thendefined* suchthat, within A/, weight vectorsare adapted
accordingo thefollowing rule :

my(t + 1) = my(t) + at)[x(t) — my(t)] (26)

wherea(t) is anadaptiongain parameter) < o < 1

For corvergenceto a smoothmapping the sizeof N andthe valueof «(t) must
be graduallydecreaseavith time. Thesedecreasearemonotonicandgovernedby
thefollowing equations

a(t) = a,exp [—i] (27)
Ta

whereq, is aninitial adaptiongain, normally0.1 < «, < 0.5, andr, is thetime
constanfor the process.Thevalueof N' may decreaséinearly, with time, from an
initial valueor maydecreas@ anexponentialmanner

In mostimplementation®of Kohonens algorithm, including the one presented
here notall theunitslying within A/ areupdatedequallyandequatior26 is modified
to:

my (¢ + 1) = myi(t) + at)5(d, 1)[x(t) — my(t)] (28)

3Thearraystructureis two-dimensionain mostof Kohonens work for easeof visualisation
4Onemayrepresenthe neighbourhood-boundassa circle onthefeaturemap,centredat 4, k]*, with radiusequalto v V.
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Figure18: Schematiaiagramof the self-oiganisingnetwork.

where3(d, t) is a decreasindgunction of distanced, suchthat 3(0,¢) = 1,Vt, d
beingthe Euclideandistancein output-space between[j, k]* and[j, k]. A popular

choiceis thetruncatedsaussian.
Oncethemapis trainedit maybeusedin lieu of the original spacdor

¢ visualisationof data
¢ determinatiorof the probablenumberof sub-classeg&lusters)n thedata

¢ visualisationof data dynamics,as movementin the high-dimensional input
spacdas mappedo amovementon (e.g.)a2-D map.
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Figure19: Respons®f trainedSOM to a simpleclusterset- the original datawas 10-dimensional.
Notethe easewith which clustersareseen.
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