LECTURE 4. HIERARCHICAL SYSTEMS

Why doesa lineardiscriminant(LD) fail for the XOR problem?Of course be-
causethe problemrequirestwo decisionboundaries How abouthaving two linear
discriminators,eachworking on half of the problemwith anotherLD analyserto
decidewhich of theseto use? The latter actsasa binary or gating switch. This is
showvn in Figurel.

@ Make sureyou understandhow this works.

Of course,we are free to uselogistic discriminatorsif we wish. Recallthat the

Figurel: Two LDAs andagatingLDA for the XOR problem.

logistic discriminator(andsometimegshe LDA) werereferredto asthe perception
In the late 1950sand excitementwas generatediue to the apparensimilarity to a
‘neuron’. The basicsystemof Figure 1 was hencereferredto asthe ‘multi-layer
perceptron’(MLP). It wasrealised furthermore thatthe secondayerdid not need
to just be a binary gate. We hencegeneraliseahe MLP structurein Figure2. This
structurecanbe modelledby the functionalform:

y = fa[f1(z)]
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Figure2: TheMLP

where f;(x) is atransformof theinputto a so-calledhiddenspaceand f; is atrans-
form from this hiddenspacgor layer)to the outputy.
This chaptemwill look, in part,in moredetailatthis system.

The MLP

Theform of thetransformfunction f;(xz) maybe seenasthatof definingcandidate
decisionboundariesn the input space.This meanghatthis function canhave the
form of a stepfunction acting on a weightedcombinationof the inputs (with an
additionalbiasterm). A stepfunction suchasin Figure 3(a) canbe used. Indeed
this makesa two-layersystemwhich works! Thetroubleis thatthefunctionis non-
differentiable which meanghatwe cannotusean efficient optimisationmethod.A
function suchasthe sigmoid (logistic) may just aseasilybe usedasin Figure3(b)
whichis smooth.

Whataboutthefinal function f,[.]? We needto discussa little moreabouterror
functionalsbeforehand.

Err or functionals revisited

We have alreadylooked at the casein which we assumeéhat errorsin the output,
y — t, are Gaussiardistributed. This leadsnaturallyto the sum-of-square$SSE)
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Figure3: (a) Stepfunction(hard-limiter)and(b) sigmoid.

errorfunction.
Writing
N
P(T|X) = []p¢t"|2")
n=1
aly;
_ Py — 2
o exp{ nz:; 2(y ) }

Remembethatthe error functionis the negative log of the densityfunction of the
outputerrors(high uncertaintyleadsto high errors),so the SSEerroris (ignoring

constanterms):
N

1 n n\2
Essp = 5;@ —t")
If we areto optimisethe setof parametergweights)which make up the network
then,duringtraining, the error mustbe capableof beingfed backinto the structure
soasto adaptthe weights(just a standargre-requisiteof adaptve systems)|f

y = folw'¢] = fold]
in which ¢ is the outputof responsefrom the hiddenlayer, somtimegeferredto as
alatentspace andw areadaptve parameterghen:
OF _0y0F _dy .
da Oady Oa Y

if we desire%—f x (y — t) then fyla] o« a i.e. the connectivityfrom hiddento
outputlayers is linear. For regressiontherefore,we would usethe MLP with f;
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asa sigmoidalfunction (suchasthelogistic or tanhfunctions)and f, aslinear We
canregard this form thenasa setof logistic discriminatorswith a nestingof linear
discriminatorsontop.

TheerrorsbeingGaussiardistributedaroundthe outputis the appropriatenodel
for regressionbut certainlynotfor classification

We will considerto begin with, justtwo classesC; andCs. If P(Cy | z) = y
thenP(Csy | z) = 1 — y. Thetargetcodingin our labelledtraining setconsistsof
t = 1if x belonggo Cy andt = 0 if x € Cy. Theprobabilitydensityis Bernoulli of
theform:

P(t|z)=y'(1-y)'"

andfor N data,
N

P(T|X)=[]s")" @ -y

n=1

Takingthenegative log of thedensityfunctiongivesthecrossentropyerror function

Exgp=— Z{t" Iny"+ (1 —¢t")In(1 —y")}

n=1

Considemow just the n-th patterns contrikution to this error (droppingthe super
scriptto make it lessmessy..),

E=—(tlhy+ (1-1t)ln(l—y))

Consideragainthefeedbaclerror,
OF _ 0y0E
Oa  Oa Oy
If we considetthe outputin theform
y =9g(a)
whereg(.) is somesmooth differentiablefunctionthen,

8_E_ /a (y_t)
da =9\ )y(l—y)

Onceagnin we desirethis gradientfeedbaclkerrorto beof theform (y — ¢) hence

g'(a) = g(a)[1 - g(a)]

whichis satisfiedoy




l.e. justthelogistic sigmoidfunctionwe have alreadycomeacross.
If thetrainingsetis largethenwe mayreplacehesummationn theerrorequation
by aintegralsovert¢ andz,

B = —//{tlny(a:)+(l—t)ln(l—y(:c))}P(t|:z:)P(:z;)dtda:
= - [ {12 nye) + (1= (¢ 2) (1 - y(e)} Plo)da

whichis minimisedwhen

ylz)=(t | z) = /tP(t | z)dt

whichis justasin thecaseof regression.Thebestestimatas theonewhichestimates
the conditionalaverage of thetargetson theinput.
For a2-classcoding,

P(t|z)=46(t—1)P(Cy|x)+6(t)P(Cs | z)
giving
y(z) = (t|z) = P(Cy | z)
soconfirmingthatthe bestestimatds alsothe posteriorprobability

Multiple output classes

So far we have only looked at the 2-classcase. If thereare K output classes,
{C4, ..., Ck}, thenanentrogy errorof theform

K
E = —ZZt’glnyz

n k=1
may be used. This hasa minimumwheny = ¢ andhencewe may usean error
functionrelatie to this minimum,

E=)> t#in (Z—E)
n k k

whichis zeroiff! y = t. Oncemorewe wantthefeedbackgradientof theerrorto be
of theform (y — ¢). If

yr = g(aq, ..., ax)
theng(.) is thesoftmaxor generlisedlogistic function,

exp(ag)

N ) " exp(ap)
-

yr = g(ay, ...,ag)

Liff* meansif andonly if’.



Againjustconsider(for notationaleasehen-th pattern,

day, Oy Oay,
which for the softmaxanderrorfunctionsdefinedabove,
8yk/ . 5
dar Yk'Okk' — Yr'Yk
ag
and
OE  t
8yk’ yk’
Puttingthis togethemives
oE .
justwhatwe want!

In conclusionthen,theinput to hiddenfunction mappingin an MLP consistsof
logistic discriminators,

¢j = Q(WlT,jX + wbiasl,j)

andthe hiddento outputmappingof

Classification: Anotherlayerof generalisedbgistic discriminator§whichfor more
that2 classegivesthe softmaxfunction)of theform

Y = f2 (W;,k¢ + wbiasQ,k)

Regression: Thefunctionalf,(.) in theaboveis justthelinearfunction,i.e. f3(a) =
a. Thefree parameteren the MLP arethe first andsecondayerweightsand
biases.

The Radial-BasisFunction (RBF) approach

Theothermajorfeed-forward methodologyis thatof the RBFE. We have seenin the
previous chapterhow a setof kernelsetof densityestimatorgyave riseto a method
for estimatingoutputsboth for regressionand classification. The form of the RBF
systemis anon-lineartransformof theinput variablesof theform:

& = (¢1(x), .., ps(x))T

following by atransformfrom this spaceo the setof outputs,

yk(X) = f2(WZ‘I) + wbias,k)

wheref; is eitherlinear (regression)r alogistic (incl. softmax)for classification.
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Thenon-lineartransforme is choserto be a functionwith goodanalyticproper
ties(andalsoa universalapproximatorandGaussiangandthin-platesplinesarethe
mostpopular:

$Gaussiafx) = exp (_%(X —m)'C'(x - m))

wherethe centrelocationm andcovarianceC arefree parameters.

¢spline(x) =r’lnr

wherer =|| x — m || andm is acentrelocationandis afree parameter
The free parametersn an RBF arehencethe parameter®f the kernelfunctions
andtheweightsw (incl. biases)which couplethe kernelfunctionsto the outputs.

() (b)

Figure4: Gaussiarfa) andthin-platespline(b) functionsin 2-D.
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Figure5: RBF solutionsin aregressiorproblemusing2 and5 kernelfunctions(a) & (b) and(c) & (d)
respectrely andGaussiarkernels(a) & (c) or thin-platesplines(b) & (d).

The MLP & RBF - differencedn learning

TheMLP, rememberhastwo setsof weightparametersvhich needto be optimised.

We will seelater on how this is achiared. The RBF hastwo setsof parameters,
but they arenot both ‘weights’. The first setparameteris¢he non-linearmapping

functions¢ andthe secondare‘weights’ which couplethekernelsto the outputs.

Two-stage(quick) learning in an RBF

Whilstin theMLP theparametermustbesetusingsupervisedearning,if wechoose
the kernelsin an RBF systemto form a densityestimatoy thenwe may breakthe
learningin anRBF down into two stages:

1. learningof theparametersf thekernelsand
2. learningthe couplingweightsto the outpuit.

Stage(l) requiregusttheinputdata, X, notary targets. Stagetwo is supervisedn
thatit requiresinput-tagetpairs,(z, t). If the problemis aregressioronethenthe
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outputis simply givenas(takingthe biasweightinto the vectorproduct)
y(x) = w' B(x)

which meanghat,if we canget® thenw canbe obtainedirom fastpseudo-inerse
methods(seeChapter3). Therearetwo waysin which the setof & arenormally
obtained.

1. Choosesachkernel(Gaussianatrandomor putoneon eachdatum,or
2. optimisea (smaller)setof kernels(Gaussiansio fit the datadensity P(x).

Whendiscussingyeneralisationve sav thatthe moreparametergkernels)themore
comple functionscouldbefitted. Too mary kernelsandwe overfit andlearnnoise
aswell asthe functionswe wantto estimate.Schemg2) hasthe advantagethat, if

only a few kernelsareneededthey will be placedin reasonablg@ositionsandhave
reasonablavidths. We will look in thenext Chapterathow to optimisesuchaset(of

Gaussians)Schemg1) hasthe advantageof speedout the problemshat:

e if only afew kernelsarewanted randomlyplacingthemmaybebad,and
¢ having oneoneverydatumis arecipefor overfitting (we comebackto this point
in adiscussiorof regularisationlaterin this Chapter).

The full optimisation method

Of courseall theparametersf the MLP andthe RBF maybe optmisedoy adapting
themto minimisethe appropriateerror function. This is fully supervisedearning.
To performoptimisationthe gradientof theerrorfunctionwith respecto all thefree
parametersnustbe calculated. For all the systemswe have looked at this canbe
doneanalytically(seeExercisest).

Regularisation - a brief intr oduction

We will comebackto theissuesof regularisationiateron. For now we will justiook
atthebasicidea.

Whenwe look at a systemthat generalisepoorly we seethat the outputis too
flexible, it bendsto fit noiseratherthan smoothlypassingthroughtthe data. This
over-cunaturecanbedefinedviathesecondleriative termof theinput-outputmap-
ping. A simpleregularisederrortermis oneof theform

0%y >

Ereg = Edata + a < @




whereFE ., 1S the data-dependermtrrorterm suchasthe sum-of-squarefinctional.
Let'sjustconsidetasimpleRBF network, with asingleGaussiarasisfunctionwith
variancegivenby o2,

Yy = w¢(x) + Whias

for which,
o = - e - m)la)
hence oy " .
02 —gﬁb(iﬂ) + ;(37 - m)Zﬁb(m)

whenwe take expectationsverthedatasetthe (z — m)? termis closeto No? where
N is thenumberof datapoints. If thisis largethenthe secondermin the Equation
0%y

dominatesand
< 0%y > _ N|w|¢(z)
o2 ~ 2

g

wheretheabsolutevaluebars|.| areonly needediroundtheweighttermasall others
arestrictly non-ngative. We canwrite |w| = vw? aswell. We seethat the regu-
larisederrorfunctionwill be madesmaller(bettersolutions)if thesecondderivative
termgetssmaller This meanghatsmallervaluesof w? andlargervaluesof o2 are
favoured. Note alsothatit (intuitively) saysthata smallernumberof pointsgives
riseto a smoothersolution. We will comebackto theissueof the w? termlateron.
Figure6 shavs a 50-kernelRBF with changingvaluesof o2,

10



() (b)

0 50 100 0 50 100

(©) (d)
2 2
1}
0
-1t
_2 . .
0 50 100 0 50 100

Figure6: RBF solutionsin aregressiorproblemusing50 Gaussiarkernelfunctionsandcovariances
C= O'QCfiwed. (a.'d)O'2 =1,20,100, 1000.
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