Neural Networks & Pattern Recognition

Problems



Problems 1

1. (a) StateBayes'theorenfor thebeliefin classificationnto classC; wheninformationvector
x is obsenedandexplainthe significanceof eachof thetermsin the expression.

(b) If x representavariabledravn from adatasetwhoseprobabilitydensityfunction(PDF)
is P(x), shav thatanestimateof this PDF maybewritten as
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whereN is thetotal numberof datapointsin thedataset,V (x) is avolumecentredon
x andk is the numberof datapointslocatedwithin V' (x). Discussthe validity of ary
assumptionsnade.

(c) (i) Usingtheresultof part(b), shav that
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wherek; is the numberof datapointsof classC; within V(x) andk is the total
numberof datapointswithin V' (x).

(if) Usingpseudo-codi appropriategdescribeheoperatiorof thek-nearest-neighbour
classifier

(d) What advantagesand disadwantagesnight sucha classifierhave over parametricap-
proachessuchasa Gaussiammixtureclassifier?



2. (a) Shaw thataclassifieiwhichoperatedy assigninganunknavninput,x, to theclasswith
thelargesta posterioriprobabilityrepresenta minimumrisk systemif the penaltyfor
misclassifications equalfor eachclass.

(b) A morecomplex risk (loss)matrix, L, is introducedsuchthat L ;, representghe penalty
for misclassificatiorto classC; whenthe patternin fact belongsto classCy. Under
whatconditionshouldclassificatiorof x to classC; be madeif the total lossis to be
minimised?

(c) Whatis meantby therejectoptionof aclassifierandwhy is it important?

(e) Discussbriefly theadwantagesanddisadwantage®f logistic overlinear regression.



3. (a) An automategatternclassificatiorsystemis to be routinely usedin the safety-critical
applicationof aircraftenginechecking.If the systemis to provide a classificationnto
two classesairworthy andnon-airnorthy, detailtheimportantaspect®f the classifier

design. You shouldpay particularattentionto the issuesof reject(doubt)andoutlier
rejectionandtherecever-operatorcharacteristi¢ROC) curve.

(b) Theoutputof a classifierdesignedo assignan unknaovn patternz to classes’; or Cs
is denotedy. Thetamgetcodingof thelabelledtrainingsetconsistoft = 1 if x € C;
andt = 0 if z € C,. If thetargetprobabilitydensityis Bernoulli of theform

Ptlz)=y'(1—y'"

provethat,if thetrainingsetis large,theoutputy(z) whichminimisegheerrorfunction
E=—InP(t|x)isy(z) = P(C | z), theposteriomprobabilityof C; givenz.

(c) Whatrelatve advantagesnddisadwantagesnight a K-nearesneighbourclassifierand

alogisticdiscriminatorhave in ananalysisbasedn trainingsetsthatare(i) verylarge
and(ii) verysmall?



4. (a) Briefly discusgheadwantagesanddisadwantage®f gradient-descerdndquasi-Nevton
optimisationmethods.

(b) The Expectation-MaximisatiofEM) algorithmis often usedto fit a simple Gaussian
mixture modelto a datadistribution for usein a RadialBasisFunction(RBF) neural
network. Thedatais {x[n|},n = 1...N

(i) Show thatanestimatorfor the meanof the k-th Gaussianysingthe entiredataset,
maybegivenby:
N

> x[n|P(k | x[n])

§P(k | x[n])

(i) It is proposedhat, insteadof re-estimatinghis meanusingthe entiredataset,a
stothastic(sample-by-sampla)lgorithmbeused.Shaw thatthis takestheform of
aniterative updateequationgivenby

myg[n] = mg[n — 1] + a[n](x[n] — m[n — 1))

wherethe adaptionrate, a[n], is a function of posteriorprobabilitieswhich you
shoulddetermine.

(c) Explainthe differencebetweenthe K-meansand EM algorithmsfor estimationof the
centrelocationsof a setof Gaussians.



5. (2000papenA two-classclassificatiorproblemis to betackledusingalinear classifiersuch
thatthe classdiscriminantmeasurey, to datumx is givenas

y(X) = g(WTx + wbz’as)
in whichw is avectorof weights,wy,, is abiasparameteand

1
~ 1+exp(—a)

g9(a)

is thelogistic sigmoidfunction. A trainingsetis madeavailable.

(8 Themeasureg(x) is to beanestimateof theposteriomprobabilityof classl givendatum
x. Assumingthetwo dataclassego be modelledby Gaussiar{normal)distributions
with differentmeans(m; and m,) but a commoncovariancematrix, C, determine
expressiondor w and wy,,s In termsof the means,covarianceand the numbersof
examplesof eachclass(n; andn,) presenin thetrainingset.

(b) (i) If C = o%I wherel is theidentity matrix, shov thatthe varianceparameter? acts
to modeamte the probabilitiesestimatedyy the classifier Of whatusemight this
be?

(i) How mighto? besetto anappropriatesaluegivenalargetrainingdataset?

(c) Explainbriefly how regularisatiorarisenaturallyaspartof a Bayesiamapproacho data
analysis.

(d) What arethe major limitations of the linear classifier? How may linear classifiersbe
usedin hierarchical classifierdo overcomethesdimitations?



Problems 2

1. (@) (i) Explainbriefly the conceptof genearlisationandwhy it is of importancen neural
network analysis.

(ii) Detailthefactorswhich mayaffectthe generalisatiof a neuralnetwork system.

(b) (i) Explainwhatis meantby regularisationandwhy is it importantto theissueof gen-
eralisation.
(i) A neuralnetwork with parametergweights)w = {w;} is optimised(trained)so
asto minimisearegularisederrorfunctionalof theform

(0%
Ereg = Edata + §WTW-

If w* is thelocationof the global minimum of E,,;,, andw™ thelocationof the
globalminimumof E,., shov that
+ Ai
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where ); is the i-th eigervalue of the Hessianmatrix of E,,;, evaluatedat w*.
You may assumethat at minima the error functionalis well approximatedy a
quadraticexpansion.

(c) In an on-line applicationusing the regularisedsystemof part (b), a simple gradient-
descenschemas usedto iteratively updatew ateachtime stept accordingo

w(t + 1] = w[t] — nVE][t]
whereV E is thegradientof £,.., with respecto w. Shaw that,for corvergencen the

mean theadaptionparameter) mustsatisfy

O<n< —
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where)\,,.. 1S the largesteigervalueof the Hessiammatrix of the unregularisederror
functionand« is the regularisationconstant. You may assumehatin the region of
cornvergencea quadraticapproximatiorto theerrorsurfaceis valid.



2. (@) (i) Explainbriefly how regularisationarisesnaturallyin a Bayesianframenork via the
concepiof a prior distribution over parametergweights)in ananalysissystem.

(i) Show thatthe choiceof a Gaussiarprior over parametertéeadsto a weight-decay
regulariserin whichtheerrorfunctionalis of theform

o
E(w,a) = Egaq + §WTW

wherew is thevectorof parameteranda is a scalarconstant.

(b) An analysemwith parametersv is trainedusinga sum-of-squaresrrorfunctionalon a
dataregressiorproblem. The probability densityover the outputtarget, ¢, conditioned
onthetrainingdatasetD, is givenin a Bayesiampproachby the maginalintegral

P(t|D) = /P(t | D,w)P(w | D)dw.

(i) Show that,if y is theanalyseoutputassociateavith targett, then

P(t| D) /exp {—g(y )2 E(w)} dw

whereg is a scalarconstant.

(i) By expandingthe errorfunctionaboutthe point of minimumerror, w = w*, asa
second-ordetaylor seriesandexpandingy to first order showv that

P(t| D) x exp {—g(y(w*) +g'Aw —t)? — %AWTHAW} dw

in whichg = % evaluatedat w*, H is the Hessiammatrix of the error function
andAw = w — w*. Verify thatthis givesriseto a solutionin which P(¢ | D) is
normallydistributedwith meany(w*). You maytake the varianceof P(¢ | D) to
be .
2 Tyr-1
o 3 +g H 'g.

(iii) A linearsystem,y = w'x is trainedusingan unregularisedeast-squaresrror
function. Usingtheresultsfrom part(ii), shov thatthevariancein outputy asso-
ciatedwith patternx is proportionalto
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whereC is the samplecovariancematrix of the patternsn the dataset{x,},n =

1..N.



3. (a) Explain briefly the differencesand similarities betweenRadial BasisFunction(RBF)
andMulti-layer PerceptrorfMLP) patternanalysers.

(b) A Gaussiammixture model(GMM) with K kernelsis to be usedto estimatethe proba-
bility densityfunction(pdf) of adatasetX = {z,},n =1...N.

(i) The Expectation-MaximisatiofEM) algorithmis an iteratve procedurefor effi-
ciently providing maximume-likelihood estimatorgor the free parameter®f the
Gaussiarkernelsin themixture. By consideringachangan parameterfrom ‘old’
to ‘new’ values,shaw thatat eachsuchchangea functional@ mustbe minimised
where( is givenas

- Z Z Old If ‘ T ln{Pnew( )Pﬂew(xn | k)}

Hint: Youmayrequiretheresultof Jensensinequality.

lnz )\kvk Z Z /\k In Vg
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for any v, giventhat\, > 0 and}", Ay = 1.

(if) By consideringhedifferentialof ¢ with respecto p;, themeanof the k-th Gaus-
sianin themixture,shav thatthe ‘new’ estimatefor 1, is givenby

N
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Z oldk|xn

(iii) Confirmthatthesameform of equationis obtainedoy directdifferentiationof the
datalog-likelihoodfunctionwith respecto .

(c) Discusdriefly theproblemsassociatevith usingthe EM algorithmto adapta Gaussian
mixturemodel.How mighttheseproblemsbe overcome?



4. (2000paper- with slight modification)

(a) Describethemajorapproacheto trainingradial basisfunction(RBF) neuralnetworks.

(b) (i) A radialbasisfunctionnetwork is to be usedfor a regressionproblem. A training
datasetof input-outputpairs, (x[n], t[n]), n = 1...N is available.If the hidden-
layerfunctionsarechoserto be Gaussianwhataretheappropriatesrrorfunctions
for supervisedndunsupervisetraining of the Gaussiarbasisparameters?

(i) How may matrix pseudo-imerse methodsbe usedto determinethe weightscou-
pling the hidden-layeiGaussiariunctionsto the outputnodeof the network?

(c) Discussbriefly the similaritiesanddifferencedetweera Gaussian-basiBBF network
andthe self-oganisingmap(SOM)

(d) Theoutputnodes(grid, or map,locations)on the SOM areto be allocatedclasslabels
using a labelledtraining data set so that the data can be simultaneouslyisualised
andclassified.If eachnodeis uniquelyassociateavith only oneclassshow thatthe
resultantdecisionboundariesn the data(x) spacearepiece-wisdinear. How might

you obtainsmoothedecisionboundaries?



