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LECTURE 1,2 INTRODUCTORY MATERIAL

Books

Thereareanumberof goodbookson patternrecognition.l would, however, suggest
amixture of thefollowing:

1. Fukunag@, Introductionto StatisticalPatternRecanition.

2. Ripley, PatternRecanition and Neural Networks

3. Bishop,Neumal Networkdor PatternRecanition.

4. Schalloff, PatternReca@nition: Statistic,Structual andNeural Approades
5. Kittler, PatternReca@nition Theoryand Practices

6. Devijver, PatternRecanition: A StatisticalApproad.

Thesewill cover almostall thework on this coursen combination andfor mostof
themin isolation.

Background

We, ashumanbeings,canperforma large numberof patternrecognitiontaskswith
easeronsideiisteningto a corversationn acrowvdedroom:

¢ How dowe separata singlesource(spealer) from all the others?

e How dowe processhewords?
Considerfurtherrecognisingafacein acronvdedscene:

e How doweidentify faces?

e How dowe identify a particularface?
In amedicalcontext:

e How is atumourrecognisedn anMRI image?

e How is aprognosisarrived at from patientinformation?

Thelastfew of thesetaskscantax eventhe bestclinicians;canmachinesver hope
to competewith humans?



Historical Perspective
e Symbolsof scenegneolithic)
e Mapping
e OccamSrazor
e Perspectie respresentations art
e Calculusof probabilities(ThomasBayes)

e Axiomatic foundationf probabilitytheory

Digital imagingfor spaceprogram

Machinelearning/ Al

Structuralandsyntacticapproaches

Robotics/ machinevision

Neurally-inspirednethods
e Appliedstatisticattheory

Currenttrendsin computerdiave awide-scaleeffect on patternanalysis
e Speed
e Parallelism

e Novel architectures

Classificationand Regression

We will treatbothtechniqguesasmappingproblems suchthatsomeinput variable,
X, generategis mappedo) someoutputvariabley via amappingfunction 7, i.e.

F:x—y

Any problemmay bereducedhento finding anoptimalmappingF. In the caseof
supervisedanethodghismappings ‘learned’or optimisedhroughatrainingdataset
which consistf input-outputpairs(x, t) whereeacht representatargetor desired
outputfor thecorrespondingnputx. It shouldbe notedthatF is conditionalonthe
training datasetandif the latteris poorthenwe cannotexpectthe mappingto be
arnything otherthanpooralso.



Classification

A classificationproblemis onein which we desireto assigneachinput to one of
a closedsetof outputclasses Our datasetwill thereforecontaintargets,t, which
will codetheclasslabelof eachinput. Theusualformatfor eachtargetis ‘one-of-n’
coding suchthat, for examplein a two-classproblem,t = (1,0) for class1 and
t = (0, 1) for class2.

As we will seetheminimumrisk statisticalclassifierascribesanunknovn input
to theclasswith thehighestBayes’a posterioriprobability Bayes'theoremabelief
updatetheoremlinks a prior belief (thea priori probability)to thea posterioribelief
givenanew pieceof information.

Regression

In the caseof regression(or prediction)eachinput is mappednot to a probability
space but onto anothercontinuousnumbersequence. Again, a mappingfunction
may be ‘learned’ usinga setconsistingof input-outputpairs, (x, t) wheret may,
for examplein the caseof prediction,be the valueof a dataseriessomenumberof
samplesn the future (we needoff-line data,of courseto constructsucha training
dataset). Givena setof examplesthen,whatis the ‘best’ a systemcando? It turns
out that, givenatraining set,our bestguesdor the outputin responseo aninputx
is theconditionalaverage of t evaluatedoverthetrainingset.\We denotethis as

y'(x) = (t %)

andnotethatthis expressioncodesa common-sensmterpretationjf we aregiven
aninput, x, we look at whatthe targetresponsesverefor inputscloseto x in the
trainingsetandour ‘best’ outputresponseés theaverageof all thesevalues.Thereis
oneword of caution,however. Referto Figurel; plot (a) shavs atamgetdistribution
in whichtheconditionalaveragegivesa correctresultasthedistributionis unimodal
givenary arbitraryinput, x, say Plot (b), however, hasa multimodaldistribution.
In this casethe conditionalaveragegivesa poorrepresentationTo tacklethis form
of dataa muchmoresophisticateanethodologyis required.

Supewisedand unsupeltised

Givenaspacdn whichto performaclassificationunsupervisedlassificatiorrelies
onthefactthatdatabelongingto thesameobjecttendto havesimilar featue vectos
andviceversa Thismeanghatsegmentatiorof thedatareliesonfindingthe‘blobs’
or ‘clumps’ which dominatefeaturespacgwe hope).Supervisegartitioningrelies
on a setof training datafrom which we canestimatea mappingfunction, 7, which




Figure 1: (a) Unimodaldistribution - correctresultsobtainedfor regression. (b) Multimodal dis-
tribution — the basicregressionproblembecomesntractableand more sophisticatedechniquesare
required.

mapsa vectorin thefeaturespaceo a classificatiorspacd.e.
F: f—C

‘hard’ segmentationinto classr, say of the datasetis thenachieved by allocating
all datawhosefeaturevectorswere mappedto C,. Both unsupervise@ndsuper
visedseggmentationdave problemstheformerassumeshateachclassonly hasone
‘blob’ in the featurespaceandthe latter is only as goodasthe training set (often
labouriouslycreatedoy hand).Both of thesemethodsareintimatelyrelatedto prob-
ability mappingsandto Bayes'theoemwhich we look at laterin thelectures.The
supervisedaseis clear:

If we haveany systenwhich wewishto partition into N componentghen
eat componenbf thesystemx, hasmembeshipof eat of the IV classes
givenby its posteriorprobability on that class.

x — Classr iff P(r | x) = max{P(c | x)}

If we canestimatehe posteriorghenwe canestimatehe partitionfunction.
In the caseof unsupervisegartioning:

Ead node/cluster/blolis takento be a class. Henceif we seach for the
positionsand shapesof K clustess, the datasetwill be sgmentednto K
classes. Geneally, we do not know K aheadof time, and methodsfor
assessinghe probablenumberof classesn a data setare a subjectof
activereseach.
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Figure2: Blobsor clumpsin afeaturespace- unsupervisedlassification.
Generalisation

Oneof the perennialproblemsof optimisinga patternclassifierusinga training set
of datais thatthe apparenperformancef the systemimproveswith the numberof
tunableparametere the system.Sucha systemrunsthe risk of overfitting to the
training datasetandwould thusperformpoorly on nev data. Whatis requiredis a
system,obtainedfrom atraining set,which is capableof genealising to new data.
This is a classicmodel-fittingproblemandthe patternrecognitioncommunityhave
adoptedseveralmethoddo improve generalisatioperformance.

Validation —oneway of doing it:

Oneof the favouredmethodsof ensuringdecentgeneralisatioperformances that
of splittingthetrainingdatato provide a separat@alidationsetaswell asa (new and
smaller)trainingset.Onesuccessfustratey is thereforeo successely increasdhe
compleity of theanalyseiandre-optimiseesachtime onthetraining set Theperfor
manceof the analyseiis thenceevaluatedon boththetrainingandvalidationset. A
typical setof resultsgivesriseto curvessuchasin figure (5) in which the training-
seterror decreasewith increasingcompleity whilst the validationerrorreachesa
minimumandthenceincreasesWe may performseveral‘runs’ of suchavalidation
procedurdoy randomlyre-splittingthe original datainto mary differenttrainingand
validationsets(thisis referredto asn-fold validation We maythenchoosdheanal-
yserof compleity which,onaveragegeneralisebest(i.e. haslowestvalidation-set
error). We muststill, however, testthe performancef our optimal systemon a test
setwhichis independentrom eithertraining or validationsetsandis unusedn the
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Figure3: Unsupervisedlassificatiorhasits problems.

developmentprocedureln mary ‘real-world’ problemshowever, the availabledata
setmaybe small. In this situationBayesiariearningmethodsmay be superior(see
later)astheseallow comparisorof differentanalysergof differing complexities, for

example)using only the training dataset. What do we meanby small, however?
Somestudiesaddressheissueof thenumberof piecesof informationin thetraining
setasa ratio to the numberof adaptve parametere the analyser Theresultssug-
gestthata factorof threeor moreis required.A generakule of thumbis to beeven
morepessimistichowever, andafactorof 5-10is oftensuggested.

Typical application procedure

Themostcommonlyused(validation)approachgivesriseto a simplemethodology
with whichananalysemaybetrainedandtested

1. A labelledsetof datais formed. This setconsistsof input-outputpairs (x, t).
We will furthermoreassumehateachcomponenof theinputset(z; etc.)hasa
similar numericalmagnitude.This avoids numericallylarge componentdeing
given unfair weighting over those (possiblymore useful) componentavhose
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Figure4: Partitionsof afeaturespace- superviseclassification.

magnitudefhapperto besmaller We will alsoassumehat,in theclassification
case this setis balancedi.e. equalnumbersof examplesfrom eachclassare
containedn it.

. The datais randomlysplit into, typically, threedatasets: training, validation
andtest

. a. Startingwith a ‘simple’ analyser(low numberof free parameterspptimise
its free parametergweights)to minimisethe erroron thetraining set
b. Obtainperformanceneasure$or theanalyseionthevalidationset.
c. Increasdhecompleity of theanlaysele.g.moreparameters).
d. Repeatthesestepsuntil a levelling or minimum in the validationerror vs
numberof parameterge.g.)curwe is passed.

. Repeasteps2 and3 with differentrandomsplits of the original dataset. This
may be performedentimes,say

. Findtheanalysecompleity thatgivesthebestaverage(overthetenruns,say)
performanceon the validation set. Use an analysemwith this configurationto
assesperformancen the (hithertounseenjestset.

Generalisation: a quick example

Thisexampleis of the(in)famousnoisy sinewave’. 100samplesvith 30%Gaussian
noiseareusedin trainingandanotherlOOasa ‘test’ set. Figure6 shovs theregres-
sionusingincreasinghumberf parametergactuallya numberof splinefunctions).
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Figure5: Training seterrordecreasesyn average monotonicallywith analysercompleity, whereas
validationseterrorreaches minimumatthe ‘optimal’ analyseccomplexity.

Notethatl is notenoughb is aboutOK (it captureghebasicsinewave pattern)and
100 capturesall the noiseaswell! Figure7 shows thesesameanalysersappliedto
thetestset(which hasdifferentnoiseon it remember).
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Figure6: Generalisationtrainingset.
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Figure7: Generalisationtestset.
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Someexamples

In this sectionl introducesomesimpledatasetswhich, alongwith someothers,are
madeavailableonline (seelater).

Tremor analysis

This datawas collectedas part of a studytrying to identify patientswith muscle
tremor Thefeaturesareauto-rgressve coeficientswhich detailhandtremorreso-
nances.The datasetconsistsof equalnumbersof datafrom patientsanda control
group. Figure 8 shaws the data. Using committeesof flexible classifiers(suchas
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Figure8: Tremordataset.

‘neural’ networks)we canclassifythis datawith about85%accurag.

lonosphereradar returns

Thisis a 33-D datasetwith redundang in its featureqthey arenon-independent).
Thelabelis 0 or 1 correspondingo to ‘good’ or ‘bad’ radarbouncefrom theiono-
sphere Thefirst two principlecomponentsreplottedin figure9.
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Figure9: lonospheralataset.

Predicting the futur e: chaotictime series

Figure 10 shavs the Mackey-Glaschaotictime series.The datahasbeenlooked at
asa predictionproblemby usingpastsamplegrom thedatato try to predictinto the
future. It is fairly difficult to do it well! We canget(Fig. 11) to a 5% error level
fairly easily

Wine recognition

The datasetconsistof 178 13-dimensionaéxemplarswhich area setof chemical
analyse®f threetypesof wine. Figure12 shavs the projectionof the dataontoits

firsttwo principal(eigen)componentsThedata,if we usethelabelsandknow there
arethreekindsof wine, canbe classifiedwith 100%accurag. If we arenotallowed
to usethelabels,we caninfer thattherearethreewinesandclassifywith about98%
accurag - notbad!
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Figure10: Chaotictime seriedata.

NMSE = 0.0465
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Figure1l: Chaotictime seriedata- predictionsanderrorbars..
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Resouices

Journals

e Thereis agoodwebsitewith journalinformationat
www. ph. tn.tudel ft.nl/ PRI nfo/journals. hone. htm

Machinelearningarchve

e Thereis agoodmachindearningandpatternrecognitionURL at
www. ai c. nrl.navy. m |/ ~ahal/research/ machi ne-| earni ng. ht m

Thelink to theUCI databases useful- alsolots of free softwareto download.

Data,softwarefor this course

Someexampledatasetsmaybedownloadedvia my website:

http://ww. robots. ox. ac. uk/ ~sjrob/teachi ng. ht m

andfollowing thelinks to patternrecognition.| have madeinks to someof ourgroup
softwarearchvesalso.Datasets(moreextensve) arealsoavailablevia themachine
learningURL (in particularthe UCI datarepository)for thosewho arekeen.
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STATISTICAL PRELIMINARIES

BayesTheorem - the calculusof probabilities: a brief review

Youwill all, nodoubt,befamiliarwith thefollowing terms:
e Priors,likelihoods posteriorsandevidences,

which describeéhecomponentso quantitiesn theRev. ThomasBayes'famousand
importanttheorem(mid 18thcentury).

Bayes’'theoremreliesuponthe notion of conditional probabilities suchas“the
chancethat| will finish theselecturenotesgivenmy othertasksis 0.9”. Whatthis
impliesis that the chance(probability) of one event happennings conditionalon
another Note alsothat statements$ik e this codea belief ratherthan a probability
thatis obtainedby multiple trials (the so-calledfrequentistapproach).It is hence
possibleto allow singular(non-repeatablegventsto have a probability Cox (1946)
shavedthatsolong asthesebeliefsobey someconsisteng rules(they sumto unity;,
arestrictly non-n@ative etc.) known asthe Coxaxiomsthenthesebeliefscanbehan-
dledjust asprobabilities.| will comeup front andsaythat| believe that Bayesian
statisticsis correct althoughtherearesomewho would disagredthey aregradually
provedwrongthough),sothesdecturesmake this tacitassumption.

Justto refreshthememory..
Note: | will usecapital’P’ to denotea probability whethetthisis a‘degreeof belief
(boundedn the closedintenal [0,1]) or a probability densityfunction(pdf - which
Is unboundedhborve, is non-ngative andmustintegrateto unity). If theargumentis
discrete suchasP(k) wherek is thek-th classof afinite set,thenwe have belief. If
theargumentis continuoussuchas P(z), wherez is somevariable thenwe have a
pdf.

Formallywe write “probability of A givenE” asP(A | E). WhatBayes’'theorem
stategds that:

P(A&E)=P(A| E)P(E)=P(E| A)P(A)
Re-arranginghe aborve gives:
P(E | A)P(A)
P(E)
which is a basicformulationof Bayes'theorem.We canhenceevaluatethe chance
of A occurringgivenE hasoccurredif we know the chanceof E occurringgiven A

P(A| E) =
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hasoccurredandthechanceshat A and E occurontheir own.

likelihood x prior
evidence

So we have ‘converted’ someprior estimateaboutthe chanceof A into a better
estimatagiveninformationaboutE. This notionof usinginformationin E to refine
our beliefaboutA is very elegant.

Saywe hada seriesof hypothesesA,, A,, ..., A, eachdependentpon E then
Bayes’theorentor mixturesstateghat

posterior =

P(E) - ZP(E | Az’)P(Ai)

we may combinethis with the previous equationto obtaina setof posteriorprob-
abilities, onefor eachhypothesisA;. It may be shavn that, if we wish to decide
the mostprobableoutcometo event E happenningthatoutcomels the A; with the
largestposteriorprobability.

Mostlikely outcomeif E hasoccurred= argmax P(A;|E)}

An example

Take asimple,1-D example.Let E bethegainingof informationregardinga datum,
x, andlet therebe two hypothesespr classesconditionalon z, called A and B.
Hence

pm¢wzpwg8?m
P@|@:P@;2?B)

where,from Bayes'mixturetheorem
P(z)=P(z | A)P(A) + P(z | B)P(B)

Thelikelihoodterms,e.g. P(z | A) definehow likely it is to generater given
classA etc. If wetakeasimplecasewhereA, B aretakento be Gaussiarfnormally)
distributedclassesthenthis examplemaybedravn simply (seefigure 13).

¢ P(A|z)=1-P(B|2)

e If P(A) = P(B) (noprior preference)henchoosingclasswith maximumpos-
terior is the sameaschoosinghe maximumniikelinoodclass(asthe evidenceis
commonto all classes).

17
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Figure13: Posteriorsandlik elihoods.

To give anotherexample,from imageprocessinglet us saythatz representshe
valueat somepixel from anedgedetectionoperation.A and B canthenbethought
of asthechance®f thatpixel belongingto anedgeor not.

P(edge | z) = P(z | ej)gii)P(edge

andif P(edgg = P(noedgg then
P(z | edgg
(z | edgg + P(z | noedgg

Thefigureshavs someedgedetectionusingsucha schemel have notsaidyet how
to getthelikelihoodsor how to go aboutperformingclassificatiorin practice

P(edge| z) = 2

Classfication:in more detail

Minimum risk classifiers

We considera setof regionssuchthat R, correspondso classC}, soif therearec
classesve have R;...R,.
Thetotal probability of gettinga correctclassifications

P(correct) = Z P(z € Ry, Cy) (1)
k=1

18



Figurel4: Houseimageandthe ‘significant’ edgeq P > 0.95).

= ZP(:L‘ - Rk | Ck)P(Ck)

k
_ zk: /R Pl | CP(CY

thisis maximisedoy alwayschoosingo classifyz to theclasswith thelargestvalue
of P(z | Cy)P(C%) whichis justthe posteriormprobabilityvia Bayes'theorem.

Thelossmatrix enablesa differentcoststo be associatedvith differentwrong
decisions. L;; is losswhenz is classifiedto C; whenz € Cj. The expectedioss
overC},

lossy, = Zij/ P(z | Cy)dz
j=1 R;
as

108Siotal = Z loss P(Cy)
k=1

10SStotal = Z/ {ZijP(l’ | Ck)P(Ck)} dz
j=1 7 Bi k=1

this is minimisedif the integrandis minimisedat eachz. We will thuschooseto
classifyto C; when

SO

> LyiP(z | Ct)P(Cr) < > LiiP(z | Ci)P(C)
k=1 k=1

for all i # j. Considera vectorof outputprobabilities,p, thenclassifyusingp’ =
Lp.

Notethatthe expectedossunderthis rule (the Bayes'rule) is just E[ Lymaz (1 —
Phaz)]- Thisis known astheBayes'loss(or error) andis thelower boundto theloss

19



for the dataset. You cannever do betterthanthis (on average).If we don't follow
the Bayesrule thenthis expectations just calledthe expectedossor error.

The rejectoption

Let’'s make thingsa little simplerby assigningno lossto gettingthe right answer
Ly, = 0,Vk, andthe samelossto gettingit wrong, L;; = 1,k # j. Now introduce
anotherclassthe‘doubt’ class.Wewill classifyto this classwhenwe arenotcertain
whichotherclassto classifyinto. Let thelossfor thisbe Ly, 4o = d, Vk. Remember
thatthe expectedoss(for thislossmatrix)is just:

loss = E[1 — P(Cehosen | ©)]
to minimisethis we mustchooseo classifyto the classwith the minimum
{1-P(Cy]|2),1-P(Cy|x),...,1—P(Ck | x),d}

we seethat we still choosethe classwith the largestP,,,, = P(C | z) unless
Pra: < 1 —dinwhich casewerejectto the‘doubt’ class.

By varying d we canlook at the trade-of characteristicbetweenaccurag and
thefractionof datanotrejected.

1 T T T T T T

0.9

fraction classified
o o o o
(6] ()] ~ (o]
T T T T

o
~
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o
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01 | | | | | |
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error rate

Figure15: Rejectoptioncurve (tremordataset).
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Recever operating characteristics(ROC)

The ROC curwe is muchusedin thaassessmertf systemdor usein variablecost
domainsi.e. wherethe elementf the lossmatrix may vary in time. An example
might be the a medicaldiagnosigoroblemin which the costof falselydiagnosinga
diseaseeducesasthediseasdecomebenign.

TheROC curweis aplot of truepositive ratefor a classagainstfalsepositve rate.
Consideradecisionin atwo classsystemjn which a decisionis madeto classC if

P(Cl|$)>t

By varyingthethreshold we obtaina setof classifierswith differing characteristics,
anddiffereringtrueandfalsepositive rates.

1 7
/ good
+
S bad
o)

false + 1

Figure16: ROC curwe, shaving goodandbadclassifiers.
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Uncertainty and information gain

Notethatthe statisticl{ = 1 — max;{P(C}, | )} naturallydenoteshe uncertainty
in the decisionto classifyto the classwith the largestposteriorprobability We can
seethis quantityasa measureof reliability in the decision. It makessenseahatwe
usetherejector doubtoptionwhenthis quantityis low.

If adatumprovidesclearinformationthen?/ is small. Imaginewe have no infor-
mation provided by z, the posteriorgust lie at the priors. If z is informatve then
the uncertainty(inherenttypically in the priors) collapsesandthe posteriordiverge
from thepriors.

As anaside The strict measureof uncertaintyis the entrory, H of somerandom
source Entropy (in bits) is defined,over a continousspaceas:

H(z)=— / P(z)log, P(z)dx
andin discretespaceas:

H(k) = - 3 P(K) log, P(K)
a

For a Gaussiarsourcethe entropy is « log, o hencelarge entropiescorrespondo
large variancesandviceversa

Considernow the obseration of somedatumz. We know that if we classifyto
classk thenP(k | ) wasthemaximumposterior We considethemeasure

By Bayes’theromthisis alsoequalto:

for P(z | k) > P(z) thentheregion thatclassk modelsmustbe a subsetf the
entiredataspace.This meanghatwe have localisedz. Thetighterthis localisation,
with referencdo theoriginal dataset,thenthelargerthemeasure:, hencethelower
theuncertaintyin theclassificatiordecision.Figure18 shavsthisfor thetremordata
setusingdifferentclassifiers.Note thatthe gain is boundedabove by unity (1 bit =

ability to classifiyinto oneof two classesandbelow by 0. Thelatterlies alongthe
decisionboundary A datumon this boundaryis impossibleto classify so seeingt

givesno informationregardingits class.
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The outlier option

Therejectoption offersthe optionto disregard a datumif the subsequentlassifica-
tion hashigh uncertainty If we look again atfigure 13 we seethatthe posteriorsare
high (they asymptotdo unity) aswe go far away from the data(likelihoods). This
assumeshat the classegepresenta completenypothesispace i.e. theretruly are
no otherclassificatioroptions.If we arefacedwith datawhich lie far awvay from all
known classeswe maywish to assignt to anoutlier classunderthebeliefthatit is
unlikely to have beentruly generatedy our hypothesisset. This approachs also
referredto asnoveltydetection Figure19 depictsthis.

Regression:in more detall

Let usconsidetadatasetwhich consistf thepairs(z, t) € . Wewill consideiour
errorsto be Gaussiardistributed,suchthatthe outputof theregressogiveninput

isy(zx).
P(y | z) xxexp {g[y(x) — t(a;)]2}

asanerrorfunctionalcanbeformedfrom the negative log error pdf so

E(z) o [y(z) — t(z))”
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Figure19: Rejectsandoutliers.

Integratingthis over thetargetpdf gives

(B@) = [ P(t] 9)ly(a) - Ho)dt(a)
expandingandcompletingthe squargnotingthaty # y(t)) gives
(E(z)) o [y(z) = (t | 2)]* +var (t] z)

where(t | z) = [ P(t | z)t(z)dt(z). Giventhatthelasttermdepend®on the data
set,thebestwe candoisto, for eachz, getaregressoy(z) = (¢t | ), theconditional
average of ¢ givenz.

Err or bars

On of thethingsyou might have noticedis that, for regressionthe argumentof our
probability is a continuousvariable,y, ratherthana memberof a discreteset of
classesJustasafull (mostinformative) descriptionof a classdecisionis P(Cy, | z)
so the mostinformative regressiormeasuras the densityfunction P(y | z). Note
thatthelatteris a pdf, whilst P(Cj, | z) is justasinglenumbermrepresentingdegree
of belief.

How do we represenadensity?Oneway is to assumehatthe densityis normal
andthenjust give its meanandvariance.If we do this thenregressorsnustoutput
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themeanwhichwe expectto bey(z) = (¢ | ) alongwith anerror bar. How to get

thaterrorbaris dealtwith lateron in the courseasit requiresan understandingf
Bayesiarlearningmethods.

Justto make anothetthingclear;posteriorprobabilities(beliefs)do nothaveerror
bars!
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