
LECTURE 6,7: GENERALISATION REVISITED

In previouschapterswe have seenhow overfitting to sometrainingdatasetwill
leadto poorerperformanceon unseen(new) data.In this chapterwe explorea little
moresomeof theseconcepts,startingwith notionsof complexity, regularisationand
thebias/ variancetradeoff andfinishwith lookingat committeesandtheextremely
powerful techniqueof Bayesianlearning.

Complexity and Ockham’s razor

Morecomplex systems(oneswith morefreeparameters)areneededto modelmore
complex functionsandviceversa. An over-complex systemswill begin to fit noise
andanunder-complex onewill notbeableto modelthefunction.How dowegetthe
complexity right?

This issuewasaddressedfrom aphilosophicalperspectivein thelate13thcentury
by William of Ockham(sometimesspelledOccam). Ockhamsuggestedthat one
shouldnot

... multiplyexplanationsunnecessarily...

In otherwords,we shouldseekthesimplestmodelwhich fits thedata. We needto
specifywhatwemeanby ‘simplest’ and‘fitting’ though.Onewaywasproposedby
Rissannenin 1978,andis known asMinimum DescriptionLength(MDL). Risan-
nenproposed(from information-theoreticarguments)a penalisationof anerror, or
goodness-of-fit,functionof theform���������
	�� �
����������	�� ������ � �"! ��
where � arethenumberof dataand ��� thenumberof parametersin themodel.
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Figure1: MDL onthenoisysineproblem
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Figure2: 4-componentMDL solution.
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Thisseemsto work nicely. Theonly problemis this:# thenumberof datais notnecessarilythenumberof piecesof independentinfor-
mationand# the numberof parametersdoesnot reflect the complexity of the model if we
have regularisation(rememberthe smoothplots from complex modelswith
Gaussianswith large widths). What we really want is the effectivenumberof
parameters.
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Figure3: Eigenspectraof Hessianfor RBFwith Gaussiansof variablewidth.

Fig. 3 shows theeigenspectraof theHessianmatrix for GaussiankernelRBF sys-
temswith 20 kernels. The variancesof the Gaussiansare $�% � �'&(�*)+)+) . Look at
thedifferencein thenumberof ‘well-determined’componentsto theHessian.This
meansthattherearebig differencesin thenumberof parameterswhich actuallyef-
fect theerrorsurface. It hasbeensuggestedthat the ��� term in theMDL Eqn. be
replacedwith thisestimatednumberof ‘well-determined’components.
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The, bias / variancetradeoff

Rememberfrom previouschaptersthatthebestmodeloutputis theonewhichequals
theconditionalaverageof thetargetsgiventheinput,-/.1032 � �5476 0 	
Wecan(for regression)measurethedeviation from theidealsituationvia theerror,8 ��9 .5-/.:0/2�; �<476 0 	 2 %�=
wherethe expectationis over the dataset, > , which the model is conditionedon.
Expandingandcompletingthesquaregives,8 � 9 .:-/.:032�; �5476 0 	 2 %�= � . 8 � 9 -/.1032 = ; �<476 0 	 2 %? @*A BC biasD�E

� 8 � 9 .5-/.:0/2F; 8 � 9 -/.:0/2 = 2 %G=? @�A B
variance

Havea think whatthesetermsrepresent.

Regularisation

As we saw in chapter4, the role of regularisationis to penalisesolutionswhich
have high changesin curvature- i.e. arenot smooth.This wasapproachedvia the
modifiederrorfunction, �IH�J:K��L���������M�ONMP
where

N
is the regularisationparameterand

P
a measureof the un-smoothnessof

thesolution(assuming
NRQ ) ). Wesaw that

P
for aRBFsystemof Gaussiankernels

dependedon two thingswecanchange,# Thewidthof thekernelrepresentation- largerwidthsgivemoreoverlapbetween
kernelsandhencemorecorrelation,sotheeffective numberof freeparameters
goesdown.# Thevalueof

6TSU6
.

Definea regularisationtermas: PL� ���VXWZY %W
Thetotalerrorfunctionalis hence��H�J5K��L���������[� N � V\W Y %W
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theerrorfunctionhasagradient,w.r.t. parameterY W
of:] ��H�J5K�� ] ���������^�_N Y W

if weadjusttheparametersaccordingto someschemesuchas` Y W � ;ba ] �IH�J:K�� ;ca ] ��������� ;da N Y W
If thedatacontributeslittle to theadjustmentof Y W

(i.e. Y W
contributeslittle to the

error function,so is irrelevant) then Y W
decaysexponentiallytowardszero. For this

reasonthis regularisationschemeis referredto asweightdecay.
Writing theerrorin aquadraticform, i.e.� . S 2fe �� ShgjikS

givesaminimumerrorgiveswhichsolves] � �likSnmo� )
With a regulariserthisbecomes,] � H�J5K �pikSnqr�sN�Stqk� )
Wecanexpandboth

S m
and

S q
in termsof theeigenvectorsof

i
hence,Snm�� V\WlY mWvu W

and
Snqw� VXWpY qW u W

Equatingthetwo gradientequationsgivesV\WlY mWyx W u W � V\WlY qW u W . x W �sN 2
where z x W1{

aretheeigenvaluesof
i

. Thesolutionto this is (rememberingthatallx W�| ) as
i

is positivesemi-definite):Y qW � x Wx W �ON Y mW
Havea think whatthismeans.

Oneway we caninterpretthis is to seethat,if
x W

is smallcomparedto
N

(weight
is insignificant)thentheregularisedweightwill endup at nearzero- so it will not
contributeto themodel.Thishastwo niceeffects# Wecanusetheexpression � J�}~}� � V W x Wx W �ON

asrepresentingtheeffectivenumberof parameters in themodel, and
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# we canspeedup computationby removing all thoseparameterswhosecontri-
bution to theHessiancurvature(theeigenvalues)is smallcompared

N
.

Thefirst caseleadsusto consideranalternativeto thevalidation-setapproachlooked
at in chapter1. Insteadof varyingthenumberof parameterswecanvarytheconstantN

. We will comeback to this form of regularisationin the context of Bayesian

E*

1/α

training

validation

1/α∗
Figure4: Training& validationerroragainst(reciprocal)regularisationconstant.

learninglaterin thischapter.
Thesecondcase,theremoval of parametersor connectionswhichcontributelittle

to thesolution,is referredto aspruning.

Committees

If we go backto thebias/ variancecomponentsof error(earlierin this chapter)we
seethatif wehaveseveraldatasetsandcombinetheresultsof systemsconditionalon
eachthenthebiaswill tendto reduce(asfor over-fitted systemsthelearned‘noise’
oneachinstanceof thedatasetwill tendtobedifferent)attheexpenseof thevariance
(whichwill tendto increase).Theformerof thesetermsmaybelargerthanthelatter
though.Wewouldexpectto getanimprovementin resultsif wecombinetheresults
of severalanalysersin acommittee.

Considertheclassificationcasefirst. Let theerroronthe � -th datumbethecross-
entropy errorwhich for the � -th classifieris:� W � ; 4 ��� .5- W5� 4 2
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Now let usform aconvex combinationof theclassifiers,mixedsuchthat- � V Wp� W - W
where� W | ) and � W � W � � . Wewrite theresultanterroras���<�����R� ; 4 ��� .5- � 4 2 ��4 ��� 4 ; 4 ��� V W � W - W
Now let’s considerthemixture(weightedaverage)of errorsfrom eachof theclassi-
fiers, ������� VXW � W � W � V\W � W . 4 ��� 4 ; 4 � � - W 2
asthe

4
termsareindependentof � so,� ��� �l4 � � 4 ; 4 V\W � W ��� - W

UsingJensen’s inequality(
� � � W � W 0 W�| � W � W � � 0 W

) so��� VXWp� W - W | VXWp� W ��� - W
andhence(as

�
is negative in thesequantities)���5�������Z�����

This meansthat a combinationof classifieroutputswill give alwaysa lower error
thanthe (weighted)averageof errorsfor eachclassifier. A remarkableresult! The
optimalchoiceof � W

requirestheestimationof thebetweenclassifiercovariance,but
justa simpleaveraging( � W � � �"�

) is oftenused.Again,wewill (briefly) revisit the
issueof committeeslater.

Whataboutthe regressioncase?We appealto thesimplefact that, if theerrors
betweena setof regressors are uncorrelatedthenany weightedaveraging(convex
combination)will giveasmallererrorthantheaverageerrorof theindividuals.If $ %W
is theerrorvarianceof the � -th regressorthena combinationof

�
gives(assuming

independence)theresultantvarianceof thecommitteeis, takingthesimplecaseof
equalweightingandletting � W � - W ; 4

,

$ %�<����� � �� VXW � W %
which, if errorsareindependentwith zeromean(i.e. thereis nobias)$ %�<����� � �� % VXW $ %W
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and� theaverageerrorvarianceof themembersis

$ %��� � �� V W $ %W
Clearly, the errorswill not really be independent.In the worst casewe have

�
redundanterror correlations,and needto multiple the committeevarianceby

�
.

This is still only equalto theaveragecase.Hence� �5����� �Z� ���
Sowe have provedthatusingcommitteesgives,on average,betterresults,irr espec-
tive of whetherthey are formedfromsystemstrainedon differentdatasets. Fig. 5
showsasimpleexampleof committeebenefitsin theregressioncase.
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Figure 5: [left] Output of single 5-splineregressor. [right] Output of committeeof 10 uniformly
weighted5-splineregressors.
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Bayesianlearning

We have alreadylookedat a simpleexampleof Bayesianlearningin previouschap-
ters.It is worthconsideringwhatadvantagesBayesianlearninghas:# Onaverageit givesbetterresults.# Regularisationarisesnaturallyandhasasimpleinterpretation.# Committeeshaveasimpleinterpretationandarisenaturally.# As distributions, not single values,are dealt with so error barsare naturally

obtainedin regressionanduncertaintydealtwith in aprincipledframework.# Overfitting is avoidedevenwhentrainingwithout a validationset,soall avail-
abledatacanbeusedfor training.

Youmaywonderwhy anyonebothersnot to usetheBayesianapproach.

There are two waysof solvinga dataanalysisproblem: theBayesianway
andthewrongway. [Bishop]

There are manyexcusesfor not usinga Bayesianapproach. Theonly true
oneis incompetence. [Skilling]

Bishopgivesa nicepictureof Bayesianlearning. We considera dataset > and
a setof models � W

of increasingcomplexity (numberof free parameters).As the
complexity of themodelincreasessotherangeof datasetswhichcanebemodelled
increases.ConsiderBayestheoremin theform� . � W 6 > 2 � � . > 6 � W 2 � . � W 2� . > 2
we have no reason,aheadof time, to favour onemodelmorethananotherso both
the modelprior and the evidenceareconstantacrossmodels. So rankingmodels
with

� . � W 6 > 2 becomesequivalentto rankingusingthemodelevidenceon > , i.e.� . > 6 � W 2 . As this is a densityso it integratesto unity, somorecomplex models,
with wider coverageon the set � of data,will modelany one > lesswell thena
lowercomplexity modeltunedto > . Fig. 6 shows this ideagraphically. Thismeans
that over-complex modelsarenaturallypenalised.Bayesianmethodologyforms a
nice trade-off betweenfitting themodelto thedataandminimising thecomplexity
penalty(oftencalledtheOckhamfactor).
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Figure6: Increasingcomplexity models,����� �1� � anddataset � .

Bayesin action

Considerthekind of systemwehavebeenlookingat for awhile, whereanoutputis
modelledas - ��� .:��2
where� is thelatentvariableand

� .¡ ¢2 ise.g.asigmoidfor classificationandlinearfor
regression.Thelatentvariablesareweightedcombinationsof someothervariables.
In thecaseof lineardiscriminantsthe inputsandfor moreflexible models(suchas
neuralnetworks)anon-linearmappingof theinputs.

Considernow thedensityover the latentvariable
� .1� 6 > 2 . An analysismodel

will provideuswith
� .:� 6 > &¤£ 2 where£ is all thevariableswhichparameterisethe

model(theweightsetc.). TheBayesianapproachis to integrateout thesenuisance
variablesusingthemarginal integral� .:� 6 > 2 � � .1� 6 > &¤£ 2 � . £ 6 > 2�¥ £
For now we will considerthe regressioncaseandcomebackto classificationlater.
Henceweusea linear

� .� ¦2 andtheleast-squareserror, which is thesamein thelatent
space.This meansthat the densityover � in the latentspaceis Gaussian.Denote
the variablesof the model £ � z S & N &¨§ {

where
S

are the weightsand
N &¨§ are

parameterswhichwill bedefinedshortly.
First we write the densityof

� .:� 6 > & S 2 as a Gaussian(as the error is least
squares)giving: � .:� 6 > & S &¤§ 2fep©~ª¬«®­�; § � .:�¯; 4 2 %±°
where§ is theprecision(inversevariance)term.
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It is worth noting that � � § correspondsto the expected(believed)varianceof er-
rorswemake. Thisis normallytakento benoiseon thetargets.

Now, usingBayestheorem,wewrite� . SU6 > 2�e � . > 6²S 2 � . S 2
wherethelast termis theprior distribution over theweights.What form couldthis
take?An appropriateprior is justaGaussian,centredonzero(weightscanbe ³ ) i.e.� . S 2�ep©~ª¬«µ´¶; N � S %±·
sotheothermysteryparameter,

N
, governstheprecisionof theprior. Strictly then,

theprior is
� . S 6�N 2 . This kind of parameter, which governsthescaleof another

parameter, is referredto asa hyper-parameter. OK - putting it all togetherwe can
thenwrite, � .:� 6 > & N &¨§ 2fe � .:� 6 > & S &¨§ 2 � . > 6¸S 2 � . S 6'N 2¡¥ S
Now weusethefactthatthedistribution� . S 6 > 2fe¹©~ª¬« z ��� � . > 6¸S 2 � ��� � . S 2 { � ©vª�« z ; � . S 2 {
andsowehave thattheeffective errorfunctionalis� . S 2 � ; ��� � . > 6±S 2? @*A B

log likelihood

; � � � . S 2? @�A B
prior

Thefirst term,thenegative log likelihoodis the‘traditional’ modelfit termwhich is
theerrorin modellingthedata,

���������
say. Thesecond,theprior, is somethingwhich

occursdueto theBayesianapproach.Pluggingin theform of theprior into theabove
givesanerrorfunctional,whichafterignoringtermsthatareindependentof > or

S
andnotingthat

� . > 6¸S 2�ep©~ª¬« z § � ������� . S 2 { , is of theform:� . S & N &¤§ 2 � § ��������� . S 2 � N � S %
(thefactorof 2 ‘missing’ from thefirst termarisesas

� ������� � � � � � .:�f; 4 2 % ). Hence� � § � ������� �ONM�Iº J W K¨»¼�¾½
Weseethatthis is thesameastheregularisationapproach(as

S % � � W Y %W ).
Regularisationparametersarisenaturally aspartof theBayesianparadigm
asthey are justhyperparameterswhich governtheprior distributionsover
themodelweights(

N
) or theexpectednoiseon thetargets( § ).
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Puttingthesethingstogethergives:� .:� 6 > & N &¨§ 2fe ©~ª¬«®­�; § � .:�¿; 4 2 % ; � . S & N 2 ° ¥ S
How doweproceednow?

Onevery powerful method,if we do not want to numericallyintegratethe above,
is to make anapproximation.This approach,detailednow, is known astheLaplace
approximationandaimsat expandingtheerror functionquadraticallyandthevari-
able � linearly. It turnsoutthatthisgivesaneat,analyticsolutionandis nottoogross
anapproximation.

Expandingtheerrorto secondorder, makingtheassumptionthatwecanfind a local
minimumin theerrorat

S �pS m
, gives� . S & N &¤§ 2^À � . S m & N &¨§ 2 � �� ` S g i ` S

where
i

is the Hessianmatrix of the total error function
� . S & N &¨§ 2 , above and` S �lS ; S m

.

Now expanding� linearly�3.:0 & S 2 � �/.:0 & Snm 2 �_Á .:0/2 g ` S
where

Á .:032 � ÂÄÃ �ÃÆÅIÇ .:0/2 evaluatedat
S �pS m

. Thismeansthatwecanwrite:� .:� 6 > & N &¤§ 2fe ©~ª¬« ­ ; § � Â �3.:0 & S m 2 �_Á .:032 g ` S ; 4 Ç % ; �� ` S g i ` S ° ¥ S
Note that the

� . S m & N 2 term hasbeendropped,asthis is a constantin the integral
(doesnotdependupon

S
).

This is justaGaussianintegralwhosemeanis givenby:� m .:032 � �3.:0 & S m 2
which is themost-likelyvaluefor � givensomeinput 0 , andavariancegivenas:

$ % � �§ �RÁ g .:0/2 iÉÈ
Ê
Á .1032
Bishopgivesahand-holdingwork-throughof how toprovethisin exercises10.1,10.2
in hisbook. It is worth lookingat this.
Beforewe go on to look at classificationunderthis approach,we needto estimateN &¤§ . Theexact formalismwill not be gonethroughhere(it is coveredin detail in
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Bishop):thebasicaproach,however, is asfollows.

Wecanwrite � . S 6 > 2 � � . S 6²N &¤§�& > 2 � . N &¨§ 6 > 2¡¥ N ¥ §
This integrationcould be performedusingnumericaltechniques.Many favour an
alternative approachin which it is assumedthat

� . N &¤§ 6 > 2 is very sharplypeaked
aroundthemost-probablevaluesfor thesehyper-parameters,thenwemaywrite� . S 6 > 2oÀ � . S 6'N m &¤§ m 2
Thisapproachis oftenreferredto astheevidenceschemeas

N m &¤§ m
canbeestimated

from thederivativeof
� . > 6²N &¨§ 2 (theevidence),or its log. It turnsout that��� � . > 6²N &¤§ 2fe ; NM� º J W K¤»¤�¾½ . S m 2¶; § ��������� . S m 2¶; �� ��� 6Ti_6*� Ë � ��� NÌ� � � � � §

In which ËÍ& � arethenumberof weightsanddataand
i

is theHessianof thetotal
(regularised)errorfunction.As thelog determinantof amatrixcanbewrittenasthe
sumof log eigenvaluesso ��� 6Ti_6Î� V ��� . x W �ON 2
where z x W {

aretheeigenvaluesof theHessianof theun-regularised( § ���������
) error.

We thenceobtain, N m � �� � º J W K¤»¤�¾½
and § m � � ; �� � �������
where� is givenby � � V\W x Wx W �sN
which is just thenumberof ‘well-determined’weightsin theanalyser.

Note that � & � ������� & �Iº J W K¤»¤�¾½
all changeduring optimisation,so the above formulae

mustbeusedassucessive estimators.This meansthat,periodically, we usethecur-
rentvaluesof theerrorsetc. to re-estimatevaluesfor

N m &¨§ m
andthenthesetheseto

continueoptimisation.
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Figure7: Ï � termsfrom estimatedvarianceEqn.Trainingsetonly usingsplineRBFmodel.
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Figure8: Meanand ÐÑÏ from Bayesianapproachwith 4-splineRBFmodel.
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Figure9: Meanand Ð¶Ï from Bayesianapproachwith 4-splineRBF modelandextrapolation.Note
theincreasingerrorbarswhenthereis nodata.
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The, classificationcase

Rememberthehyper-parameter§ correspondedto theexpectednoiseon thetargets
(labels)we have. In thecaseof classificationwe don’t have any noise- we assume
ourlabelsare1-of-ncodedandsonoiseless.Thismeansthatwedropthedependence
on § in theabove formulation.Themeanandvarianceof thelatentdistribution are
hence � m .:032 � �3.:0 & S m 2
and $ % �lÁ�g .1032 i È
Ê Á .:032
The outputof our classifier(and for now let us just look at a singleoutput i.e. a
two-classproblem)is-/.:0 & > 2 � � . � Ê 6 0 & > 2 � � .:��2 � .1� 6 0 & > 2¡¥j�
where - � � .:��2 is thesigmoidtransferfunction. Theabove is non-analyticthough
andweresortto anapproximation,� . � Ê 6 0 & > 2[À � .
ÒÓ. $ % 2�� m 2
where ÒÓ. $ % 2 � Ô � �LÕ $ %Ö × È
Ê�Ø %
Let usseewhateffect changesin thelatentvariance(uncertainty)have on our clas-
sificationprobability. Considertheline � m .1032 � �

. Notethattheresultantestimated
posteriorprobabilitygoesdown towards1/2 asthe uncertaintyin � increases.Re-
memberthat the uncertaintyin a decisionis the distancefrom unity of the largest
posterior, which is worstwhentheposteriorequalstheclassprior (1/2 in this2-class
problem).

In a principledwaysouncertainty(highvariance)in thelatentdistribution
is automaticallyrepresentedasa lowercertaintyof decision.

Note alsothat this process,known asmoderation, will not make the decisionswe
make different unlesswe have a non-uniformcost matrix or usea reject option.
Thenit canhavedramaticeffects.

The generallinear modelcase

Sofarwehavenotspecifiedwhatmodelis usedin theabove. Notethatthetheoryis
general,but thatwe needto estimatetheHessianmatrix underwhatever modelwe
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Figure10: Changesin slopeof sigmoiddueto latentvariableuncertainty.

choose.If themodelis linear in theparameters(weights)thentheHessianis very
easyto obtain.

Considerfirst thesimplecaseof a - � � where� �lShgÎÙ
(I have includedthebiasweight in hereby ‘augmenting’the input,

Ù
, by a column

of ones).TheHessianmatrix is givenasi � ÚÚ S Ô Ú �Ú S × g
Theerrorfunctionis givenas� � § � V'Û .5-/. Ù Û 2Ñ; 4 Û 2 % � N � SÝÜ
S
TheHessianis hence: i � § V±Û Ù Û Ù gÛ �_NFÞ

17



denotingthesamplecovariancematrixas,ß � �<Ù Û Ù gÛ 	 À �� V±Û Ù Û Ù gÛ
sotheHessianis i � § � ß �ONFÞ

Notethat theuncertainty(variance)is dependentupon
i È
Ê

. This meansthat
largervaluesof � give a smallerHessian.Themorepointsyouhave thebetter
you canfit themodel. Large

N
givesa smoothermodelandreducestheuncer-

taintyandalarge § meanslittle noiseonthetargetsandagaingivesmorecertain
models- all of thismakescommonsense!Anotherwayof lookingat theabove
is with theeigenspectrumof

i
whichwill beof theform § � x W �sN

giving the
numberof well-determinedparametersgivenby

V\W x Wx W � àá�â
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Figure11: Changesin thenumberof pointsgive lowercertainty(plot of maximumposterior).
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We caneasilyextendtheabove to thecaseof thebasis-functionapproach.Here
thevariable�3.:0/2 is modelledas �3.:0/2 ��S g¬ã .1032
where

ã .:0/2 arethebasisfunctionresponsesto input 0 , i.e. somenon-linearmapping
of 0 . For example,thiscanbethesplinefunctionor aGaussian.Thesameapproach
asabovegivesidenticalexpressionsfor theHessianetc.save for

Ù
replacedby

ã
.
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Figure12: Changesin thenumberof pointsandparameterschangetheerrorbars.[top left] too many
parameters.[top right] just right. [bottomleft & right] too few points.Notehow theerrorbarsdrop
wheredatais. Notealsothechangeof scalein thebottomplots.

Bayesand committees

If wegobackto theideaof theLaplaceapproximationweseethatwhatit doesis to
find a modeof theposterior

� . S 6 > 2 (findsa minimumof theerrorfunction)and
thenexpandstheerrorquadratically, which is thesameasfitting aGaussianbumpto
themodeof thedistribution. Whatwe really want to do is to integrateover all the
parameterspace.A reasonableapproachmightbejust to integrateroundeachbump
(mode)in theprobabilityspacethoughandthenaddup theresults.Sowe integrate
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over small regions, ä W
aroundeachof the many non-equivalentminima, å W

, of the
energy function�3.10 & > 2 � V �Fæ � . å W 6 > 2 H1æ � W .:0 & S 2 � . S 6 > & å W 2�¥ S
whichwewill rewrite as�/.:0 & > 2 � V ��æ � . å W 6 > 2�� W .10 & > 2
which is justacommitteeof modelsin which� W .:0 & > 2 � H æ � W .10 & S 2 � . S 6 > & å W 2�¥ S
If wedenotethemixingsin thecommitteeas� W � � . å W 6 > 2
then we may get new expressionsfor the meanand varianceassociatedwith the
distributionof � , notingthatfor acombinationof randomvariablesthetotalvariance
is the sumof the variancesplus the varianceof the means. The meanis just the
weightedaverageovercommitteemembers,i.e.� � VXW � W � W
andthevariance $ %����� � $ %� � $ %J � $ %ºèç
where$ %� representsthecommitteevariance,$ %� �

var
9 � W . Ù 2 =$ %J thetargetnoise(andresidualbias- thoughthis is assumedto besmallcompared

to thetargetnoisefor well-formedmodels)estimatedby$ %J � V\W � W§ mW
and $ %ºjç

theparameteruncertaintyof thecommittee,$ %ºjç � V Wp� W Á\ÜW . Ù 2 iÉÈ
ÊW Á W . Ù 2
This is anintuitively pleasingresultasthetotalerrormayberegardedin acommon-
sensemannerasarisingfrom threedistinctcauses.# Thefirst termpenalisesvariantdecisionsbetweencommitteemembers,# thesecondpenalisesthecommitteeasa wholeif theoutputis associatedwith a

regionof inputspacewith high targetnoiselevels# andthethird penalisessolutionswhichhavepoorlysetparameters.
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Figure13: (a) singlemodel, (b) multiple models& (c) local Gaussianapproximationaroundeach
mode.
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