LECTURE 5. PARAMETER ESTIMATION

Therearealot of standardexts andcoursesn optimisationtheory This chapter
will cover only asubsebf thelatter It covers,however, thefollowing:

e TheEM algorithm- applicationto (e.g.) Gaussiammixture models.

¢ Discussiorregardingthe Hessiamrmatrix & its importancdan optimisation.
¢ Gradient(steepestjlescent why is it poor?

e Newton & quasi-N&ton methods.

e TheBayesiarmapproach why isit sodifferent?

The EM algorithm

We considerthe caseof a mixture of K Gaussiansndwrite the likelihood of the
n—th datasampleon the k—th Gaussiaras

1

n 1L . 1

via Bayes’'mixturetheorem

andthetotal evidenceof the datasetis

P(data) = | [ P(x™)

n=1

we maytake logarithms(monotonegunction)
N
L =1InP(data) = » In P(x™)
n=1

it is this quantitythatis mostcorvenientto maximise.EachGaussiarhasthreesets
of free parametersy,, F, andthe prior P(k). Maximising L mustbe performed
undertheconstrainthat) | P(k) = 1.

Takingpartialdervativesof L w.r.t. i, F; givesriseto thefollowing:

3, Pk | x™)x()
He= 75 Pk [x™)
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B = > Pk | x™) (x™ — ) (x™ — )"
> Pk | x)
For thekernelpriors, P(k), thereis aconstrainthat) _,, P(k¥') = 1. We canenforce
thisconstrainby usingLagrangemultipliersor auxiliary variablesn asoftmaxfunc-
tion. Eitherway we obtain

1 n
=~ > Pk | x™)
Theseepresena setof threecouplednon-linearequationsit hasbeenshavn thata
solutionmaybe obtainedvia the expectation- maximisation (EM) algorithm.Thisis

asuccessie re-estimatiortechnique.

Maximising L is equvalentto minimisinganerroror enegy function,

E:—lnP data ZlnP

Considerachangan theparameterssuchthat £,y — Fieo-

Z new( ) new( " | k)
Epew — Eoid = Zln{ Zkk Poq(k) Poa(x™ | k) }

by Bayesso

Z new( ) new(x | k) n
Erew — Folg = Z h’l{ kold Xn)Pold(k | Xn) Pold(k | X )}

Now we useJensers inequality which stateghat,if A\, > 0and)_, A\x = 1, then:

In <Z )\kvk> Z Z )\k In VE
k k

for ary variablesetv;. Applying thatto theabove gives
new(k)Pnew(Xn | k)}
new S Eo - Po k X
0= 22 Fuilk IS veoromars

whichis of theform,

Enew S Eold + Q

If wegetrid of all thetermswhichwon’t changgold onesthenwe canjustminimise
afunctional@’ whichis normallyreferredto asthe auxilliary equation:

Q = Zzpoldk|x In{ Prew (k) Prew (X" | k) }



If we take dervativesof )’ w.r.t. u, F andP,.,, (rememberinghatwe needthem
to sumto one,sowe mustusedummyvariablesin a softmaxfunctionor Lagrange
multipliers) thenwe end up with the sameEquationsas before,but with with the
correctnew andold parametesets.Thisis summarise@sfollows.

| oop
use Py, g Foa t0 cal cul ate Pyy(k | x)
use Pyui(k|x) to re-estimate a new set of pu,,,
use Pui(k | X), b0, 1O re-estimate a new set of F,
use Pua(k | X), hpew Frnew tO re-estimate P,.
| et old = new
unti|l paraneters change no nore (or |ess than sone small
anmount) .

Figurel: ThreeGaussiammixturefit to datausingEM.



The Hessian matrix

Considermnerrorsurface,shovnin 1-D in Figure2, asafunctionof the parameters,
or weights,of themodel.

E(w)

W

Figure2: Errorsurface.

@ It is worth makingsureyou understandhe conceptof:

e globalminimum,
¢ localminima,
¢ saddle inflexion points.

Considera local quadraticapproximatiorto the error minimum (Fig. 3). via a2nd
orderTaylor seriesaroundsomepoint w*

+ l(W —w)TH(w — w*)

E(w) = E(w") +(w—-w")T VE|,. S

in whichH is the Hessiamatrix,
0’FE

H.. =
“ 8’11)@8’11)] w*

Notealsothat
VE(w)~ VE(w")+ H(w — w")
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Figure3: Quadraticapproximation.
If w* is aminimumpointthenthegradientis zeroand

B(w) = B(w) + 3w — w") TH(w — w
An eigendecompositioaf H is insightful.
Hlli = )\Z'lli

sothe eigervaluesrepresenthe scalesof the cunaturealongthe principle axes of
thelocal quadraticerrorfunction.

Gradient (stegpest) descent

Thegradienidescenalgorithmis thesimplesiof all optimisatiorroutines.lt changes
the parametersothatthe new valueslie somedistancedown the steepesérrorgra-
dientfrom thetheold values,.e.

wheren is theadaptionrate, 0 < n < 1.

e V E canbeestimatedn ablock of data,

e or onasample-by-samplieasis.Thelatteris stochastic gradientdescent.
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Figure4: Hessiareigen-\ectors.

Convergence

Look atthe quadraticapproximation\We canwrite the gradientasa combinationof
the Hessiareigervectors,

VE = Z O[i)\z'lli
i
writing
Aw = Z Aaju;
i
(o)
AO{Z' = —n)\iai
hence
Q" = (1= n\i)ag
and

For Aw to convergeso
|1 — ’I])\Z‘ <1

astheeigervaluesareorderedrom A, t0 A\,;, hencethis canbe metby having
2

n <

)\max

Notethatthe corvergencein eachprinciple directionof the Hessians governedby
the correspondingeigervalue. This meansthat for a poorly conditionedHessian,
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giving a long thin valley, mostof the effort will be spentgoing up anddown the
steepvalley wallsin onedirectionandverylittle in gettingto theminimumalongthe
lesssteepdirection.

¢ Gradientdescents avery pooralgorithm!
o Attemptsto make is better suchasadding‘momentum’arenotvery sucessful.

¢ It doeshave the adwantageof beingableto be stochasticandhenceused'on-

W
Wl

Figure5: Poorcorvergencen athin valley.

Newton & quasi-Newton methods

Considetthegradientg = V E(w) asbeingestimatedsia the quadratidunction,
g(w) = H(w —w’)
wherew* is atthe minimum. Hence,

w'=w -H! comparehistow(t + 1) = w(t) —
g p w(t+1) =w(t) —ng
Newton step
This,unlike,gradientdescentwill getto theminimumof ary locally quadratidunc-
tion in asinglested Notethatthe Newton stepvectoralwayspointsfrom w to the

minimum, not justdown theline of steepesgradient.We couldusethis, but

¢ If wearenotin anareaof theerrorsurfacewhichis notreally locally quadratic
thenthe stepwe malke will notgetto a minimum (but would getuscloser),and
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Figure6: Poorcorvergencen athin valley - improvedusingNewton!

e wewould haveto re-estimatehe Hessiarandinvertit every stepwe made.This
is O(NW?) + O(W?3) - sohorrible.

Quasi-Newton methods

Fromthe Newton equatiorwe have
w(t+1) —w(t) = -G(g(t+1) —g(t))

whereG = H~!. The mostwidely usedmethodwhich re-estimateshe inverse
Hessians the Broyden-Fletcher-Goldfarb-Shanno (BFGS)method. The derivation
of thisis outof placeherebut canbefoundin textsonoptimisationthenomenclature
| useis from Bishopsbook- but hedoesnotderieit either!)

pp'  (G()V)v'G(t)

Git+1)=G(t)+ pv T VIG)v + (VIG(t)v)uu'
where
p=w(t+1)—w(t)
v=g(t+1)—g)
y— E G(t)v

To implementhequasi-Nevtonapproactwe needto usethefollowing updatesqua-
tion:
w(t+1)=w(t) — a(t)G(t)g(t)



As alreadysaid, the Newton step,—Gg, pointsusin theright direction. How do
we choosehow farto go eachtime, i.e. the parameter(¢)? The answeris to usea
line-searchmethod.

Theline search

We know which line (direction)to go. We have two choices,
e Getexactlyto theminimumerroralongtheline (exactline search)pr
e useapproximatdine-searclwhichjustgetsusclose(enough).
Theformeris computationallyprohibitive, but canbe achiared by internval methods

(seeFig. 7). Thelatteris oftenachiered by fitting a local parabolic(or othersimple

| I
| I

a

min

Figure7: [left] Exactline search interval method.[right] Approximateine search parabolanethod.

function)to theline andjustjumpingto the functionminimum (seeFig. 7).

The Bayesian approach

Why is the Bayesiarmapproacho estimationdifferent? Considertwo systemswith

anoutputy, whosedensitywe wishto infer, i.e. P(y). Letthesystenmbeconditioned
on somedataset D andparameterisedia a setof parametersv. The maximum-
likelihoodapproacthis to optimisesomeerrorfunctional, £(w) = —In P(w | D),

and pick the estimatorfor w asthat at the minimum error, or peak(known asthe
mode) of P(w | D). Let this parametesetbew*, hencethe estimatefor the output
densityis:

—

P(y | D) = P(y |w", D)



P(w | D)

wW* W
Figure8: Optimiserdind the modeof a distribution.

l.e. we plug in the value for the maximum-likelihood parametesset, w*. This s
known asaplug-in estimator. The Bayesiarapproaclattemptdo expendefforts not
on optimisation,but on integration. This integrationis known as marginalisation
andinvolvesthe integratingout of ‘nuisance’parametersin this simpleexample,
thenuisancearameters w, andthemaminal integral is:

o ———

Ply|D) = [ Ply| w.D)P(w | D)dw

We canseethatthisis anintegrationoverthedensityof w, andsowill giveananswer
whichdependsnot just on the modal value, w*, but rather on the whole distribution.
Applying Bayes’theorenygives:

PTD) = pipy; [ PulwD)  P(D|w)  Plw)dw
Generatre model Prior

NOTE: TheBayesiarapproachmow requireswo things,
¢ we estimatethelikelihoodof the generative model and
¢ we choosesomeform of prior.

It is thisdependencen prior informationthatmalesthe Bayesiamapproachsodif-
ferent.Considey

@ e Canyouinfer themeanof asetof numbersvhenN = 2?
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e How reliableis your estimate?

¢ Undera Bayesianschemethe estimateave make aredistributionswhich
encodea mixture of information from the data andour prior beliefs about
the problem.

e All methodsmake subjectve assumptionspnly Bayesiansomeup front
andmalke theseexplicit!

A simpleillustration of Bayesian learning
ConsiderasetD = {z;}I¥, of independentlyzaussiaistributedrandomvariables

P(z|p, B) = \/gexp (—g [z — u]2> (1)

We wantto infer the meany andthe precision(inversevariance)s from thedataD,
whoselik elihoodis givenby

N/2
()[4

Sl -7 - - u]2> @

\}

where

| X
z = N;xt (3)

Is the empiricalsamplemean.Let usfirst find the maximumlik elihoodestimatefor
both parametersimultaneouslyThelog-likelihoodfor thedatais givenby

N
In P(D|p,5) = Eln (ﬁ) _B (a:t—f)Q—@f—,u]Q (4)

Takingthedervativeswith respecto  andg gives:

G,

@IHP(Dlu,ﬁ) = NB(Z — )

o N 1& N

%lnP(Dm,ﬁ) — %_52(%—5)2_5@_”2 (5)

t=1
Settingthesedervativesto zero,we obtainfor the joint maximumlikelihood esti-
mate:

1 N
,LAI/:T, —A—NZ .’L‘t—il? (6)
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Themeany is thusapproximatedy the empiricalmeanwhichis anunbiasedesti-
matorfor . However, thevariance% is approximatedy +- Zivzl (z, — Z)°, which
Is not unbiasedTheproperunbiasedestimatorns known to be
1 < N
No12 ()

sincefitting the meanfrom the datareduceshe numberof degreesof freedomby
one. Putin anotherway, the empiricalmeanz inevitably fits part of the noise,so
the expressionon the right of equation(6) systematicallyjunderestimatethe vari-
ance. This might not be a seriousproblemfor this simple 2-parametemodelif N
Is sufficiently large, but the problemis aggraratedin morecomple classifierqsuch
asneuralnetworks), whereconsiderablymoreparameterfiave to befitted from the
data.

Letusnow turnto thesecondalternatve of firstintegratingu outandthenfinding
the maximumlik elihoodestimateof themaginaliseddistribution P(D|3). Takinga
uniform prior for u, P(u) = C, we obtain:

PODIB) = [ PD.up)An = [ POl &P = C [ P(Dlu, )i
@)

which afterinsertingequation(2) yields:

P(D|B) = C/(g)N/Qexp< i [z — 7] —Nﬁ[x—u}Q) du

= C <£>N/2€Xp <_§ZNj Ty — T 2) /exp (—NTﬁ[E—,u]Z) dy

g\ O-D72 g
o <%> exp _52 :z:t—a: (8)

We obtainthe maximumlik elihood estimatefor 8 by settingthe derwvative of the
log-likelihoodto zero:

0 0 |N—-1 08 15} al .2
—InP(D - — | — (X2 )& _ —
o P(D]o) aﬁ[ S in(2) Sk =0 @
Thisleadsto the correctunbiased estimategor thevariance:
L L Sy (10
5 N-14& A

Thefollowing Figs. give a simpleillustration of the Bayesianearningparadigm
in action. We assumewe know the variance,oc? = 1 andwantto infer the mean.
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The prior is given, in theseexamplesby P(u) ~ N(0,1). Oneexampledravs 50
samplestheotheronly 2. Look at thedifferencebetweerthe Bayesiardensityover
w1 andthesingleestimategivenby the ML approachThiswasproducedsiathecode
bl ear n. m availableonthe WWW site.

3
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Figure9: 50 samples.
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Figure10: Only 2 samples.
We have, sofar, only lookedatcasesn whichthemaminalintegralis analytic.In
generale have threechoices:

1. Choose|jf possiblethe form of the prior so asto make the maminal integral
analytic. The obvious dravbackis thatthis form may not truly codeour prior
beliefs.
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2. Make someapproximations-wewill returnto thisattheendof thenext chapter

3. Numericallyintegratethe expression.This canbe efficiently achieved in mary
casegqusing,e.g.,variantsof Monte-Carlomethodsyandthisis in keepingwith

thespirit of Bayesiariearning.
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