
Neural Networks & Pattern Recognition

Problems



Problems 1

1. (a) StateBayes’theoremfor thebeliefin classificationintoclass
���

wheninformationvector� is observedandexplain thesignificanceof eachof thetermsin theexpression.

(b) If � representsavariabledrawn fromadatasetwhoseprobabilitydensityfunction(PDF)
is ��� ��� , show thatanestimateof thisPDFmaybewrittenas	�
� ���� ���� � ���
where

�
is thetotalnumberof datapointsin thedataset,

� � ��� is avolumecentredon� and � is thenumberof datapointslocatedwithin
� � ��� . Discussthevalidity of any

assumptionsmade.

(c) (i) Usingtheresultof part(b), show that	� � ����� ������ ��
where � � is the numberof datapointsof class

���
within

� � ��� and � is the total
numberof datapointswithin

� � ��� .
(ii) Usingpseudo-codeif appropriate,describetheoperationof the � -nearest-neighbour

classifier.

(d) What advantagesand disadvantagesmight sucha classifierhave over parametricap-
proaches,suchasaGaussianmixtureclassifier?



2. (a) Show thataclassifierwhichoperatesby assigninganunknown input, � , to theclasswith
thelargesta posterioriprobabilityrepresentsaminimumrisk systemif thepenaltyfor
misclassificationis equalfor eachclass.

(b) A morecomplex risk (loss)matrix, � , is introducedsuchthat ����� representsthepenalty
for misclassificationto class �� whenthe patternin fact belongsto class ��� . Under
whatconditionshouldclassificationof � to class�� bemadeif the total lossis to be
minimised?

(c) Whatis meantby therejectoptionof aclassifierandwhy is it important?

(e) Discussbriefly theadvantagesanddisadvantagesof logisticover linear regression.



3. (a) An automatedpatternclassificationsystemis to beroutinelyusedin thesafety-critical
applicationof aircraftenginechecking.If thesystemis to providea classificationinto
two classes,airworthy andnon-airworthy, detail theimportantaspectsof theclassifier
design.You shouldpayparticularattentionto the issuesof reject(doubt)andoutlier
rejectionandthereceiver-operatorcharacteristic(ROC)curve.

(b) Theoutputof a classifierdesignedto assignanunknown pattern� to classes� � or ��!
is denoted" . Thetargetcodingof thelabelledtrainingsetconsistsof # �%$ if �'&(� �
and # �*) if ��&���! . If thetargetprobabilitydensityis Bernoulli of theform� �+# � � ��� "-,�� $/. " � �10 ,
provethat,if thetrainingsetis large,theoutput"2�+� � whichminimisestheerrorfunction3 �4.�576 � �+# � � � is "8�9� �� � �:� � � � � , theposteriorprobabilityof � � given � .

(c) Whatrelative advantagesanddisadvantagesmight a K-nearestneighbourclassifierand
a logisticdiscriminatorhave in ananalysisbasedon trainingsetsthatare(i) very large
and(ii) verysmall?



4. (a) Briefly discusstheadvantagesanddisadvantagesof gradient-descentandquasi-Newton
optimisationmethods.

(b) The Expectation-Maximisation(EM) algorithmis often usedto fit a simpleGaussian
mixturemodelto a datadistribution for usein a RadialBasisFunction(RBF) neural
network. Thedatais ; �=<?>A@CB-DE>F�G$IH7HJH �
(i) Show thatanestimatorfor themeanof the � -th Gaussian,usingtheentiredataset,

maybegivenby:

	K � �
LMNPO � ��<Q>R@ � � � � �=<?>A@S�LMNTO � � � � � �=<?>A@S�

(ii) It is proposedthat, insteadof re-estimatingthis meanusingthe entiredataset,a
stochastic(sample-by-sample)algorithmbeused.Show thatthistakestheform of
aniterativeupdateequationgivenby	K � <Q>R@2� 	K � <Q>
.U$V@-WYX�<?>A@ � ��<Q>R@Z. 	K <?>[.\$V@+�
wherethe adaptionrate, X�<?>A@ , is a function of posteriorprobabilitieswhich you
shoulddetermine.

(c) Explain the differencebetweenthe K-meansandEM algorithmsfor estimationof the
centrelocationsof asetof Gaussians.



5. (2000paper)A two-classclassificationproblemis to betackledusinga linear classifiersuch
thattheclassdiscriminantmeasure," , to datum� is givenas"8� ����^] �+_a` �aWcbed �gfih �
in which _ is avectorof weights,bed �gfih is abiasparameterand] �Cj �� $$kWclnm�o � . j �
is the logisticsigmoidfunction.A trainingsetis madeavailable.

(a) Themeasure"8� ��� is to beanestimateof theposteriorprobabilityof class1 givendatum� . Assumingthe two dataclassesto bemodelledby Gaussian(normal)distributions
with differentmeans( K � and K ! ) but a commoncovariancematrix, p , determine
expressionsfor _ and bed �qfrh in termsof the means,covarianceand the numbersof
examplesof eachclass( > � and > ! ) presentin thetrainingset.

(b) (i) If p �Gs !ut where t is theidentity matrix, show thatthevarianceparameters ! acts
to moderate the probabilitiesestimatedby the classifier. Of whatusemight this
be?

(ii) How might s ! besetto anappropriatevaluegivena largetrainingdataset?

(c) Explainbriefly how regularisationarisenaturallyaspartof aBayesianapproachto data
analysis.

(d) What arethe major limitations of the linear classifier?How may linear classifiersbe
usedin hierarchical classifiersto overcometheselimitations?



Problems 2

1. (a) (i) Explainbriefly theconceptof generalisationandwhy it is of importancein neural
network analysis.

(ii) Detail thefactorswhichmayaffect thegeneralisationof aneuralnetwork system.

(b) (i) Explainwhatis meantby regularisationandwhy is it importantto theissueof gen-
eralisation.

(ii) A neuralnetwork with parameters(weights) _ � ; b � B is optimised(trained)so
asto minimisea regularisederrorfunctionalof theform3/vxw:y � 3{z f , f W X | _a`}_ H
If _�~ is the locationof theglobalminimumof

3/z f , f and _�� the locationof the
globalminimumof

3/v1wCy
show thatb �� � � �� � WYX b ~�

where � � is the � -th eigenvalueof the Hessianmatrix of
3/z f , f evaluatedat _�~ .

You may assumethat at minima the error functional is well approximatedby a
quadraticexpansion.

(c) In an on-line applicationusing the regularisedsystemof part (b), a simple gradient-
descentschemeis usedto iteratively update_ ateachtimestep# accordingto_ < # W�$V@R� _ < # @�.���� 3 < # @
where � 3 is thegradientof

3/v1wCy
with respectto _ . Show that,for convergencein the

mean,theadaptionparameter� mustsatisfy)��\��� |
��� f�� WYX

where ��� f�� is the largesteigenvalueof theHessianmatrix of theunregularisederror
function and X is the regularisationconstant.You may assumethat in the region of
convergencea quadraticapproximationto theerrorsurfaceis valid.



2. (a) (i) Explainbriefly how regularisationarisesnaturallyin a Bayesianframework via the
conceptof a prior distributionoverparameters(weights)in ananalysissystem.

(ii) Show thatthechoiceof a Gaussianprior over parametersleadsto a weight-decay
regulariserin which theerrorfunctionalis of theform3 �9_ DuX���� 3{z f , f W X | _ ` _
where_ is thevectorof parametersand X is a scalarconstant.

(b) An analyserwith parameters_ is trainedusinga sum-of-squareserror functionalon a
dataregressionproblem.Theprobabilitydensityover theoutputtarget, # , conditioned
on thetrainingdataset � , is givenin a Bayesianapproachby themarginal integral� �+# � � ��*� � �+# � � D _ � � �9_ � � �i� _ H
(i) Show that,if " is theanalyseroutputassociatedwith target # , then� �9# � � ����\lnm�o���.�� | �C" . # � ! . 3 �+_ ����� _

where� is ascalarconstant.

(ii) By expandingtheerror functionaboutthepoint of minimumerror, _ � _�~ , asa
second-orderTaylorseriesandexpanding" to first order, show that� �+# � � ���lnm�o���.�� | �C"8�9_ ~ ��W � `�¡�_ . # � ! . $| ¡¢_a`�£¤¡¢_ ��� _
in which �c� ¥u¦¥u§ evaluatedat _ ~ , £ is theHessianmatrix of theerror function
and ¡¢_ � _ . _ ~ . Verify that this givesriseto a solutionin which

� �+# � � � is
normallydistributedwith mean"2�+_ ~ � . You maytake thevarianceof

� �9# � � � to
be s ! � $� Wc� `�£ 0¨� ��H

(iii) A linear system," � _ ` � is trainedusingan unregularisedleast-squareserror
function. Usingtheresultsfrom part(ii), show thatthevariancein output " asso-
ciatedwith pattern� is proportionalto$� � `Ap 0¨� �
where p is thesamplecovariancematrix of thepatternsin thedataset ; � N B-DE>©�$IH7HJH � .



3. (a) Explain briefly the differencesandsimilaritiesbetweenRadialBasisFunction(RBF)
andMulti-layer Perceptron(MLP) patternanalysers.

(b) A Gaussianmixturemodel(GMM) with ª kernelsis to beusedto estimatetheproba-
bility densityfunction(pdf) of adataset « � ;T� N B-DE>F�G$IH7HJH � .

(i) The Expectation-Maximisation(EM) algorithmis an iterative procedurefor effi-
ciently providing maximum-likelihoodestimatorsfor the free parametersof the
Gaussiankernelsin themixture.By consideringachangein parametersfrom ‘old’
to ‘new’ values,show thatat eachsuchchangea functional ¬ mustbeminimised
where¬ is givenas

¬ �G. LMNTO ��M� O � ��®x¯°z � � � � N ��576 ; � N w:± � � � � N w:± �9� N � � �²BkH
Hint: Youmayrequiretheresultof Jensen’s inequality:576 M � � �´³µ�·¶ M � � � 5¸6 ³¹�
for any ³µ� giventhat � �·¶ ) and º � � � �4$ .

(ii) By consideringthedifferentialof ¬ with respectto »2� , themeanof the � -th Gaus-
sianin themixture,show thatthe‘new’ estimatefor »8� is givenby

	»8� �
LMNTO � ��®¼¯½z � � � � N � � NLMNTO � ��®x¯°z � � � � N �

H
(iii) Confirmthatthesameform of equationis obtainedby directdifferentiationof the

datalog-likelihoodfunctionwith respectto »2� .
(c) Discussbriefly theproblemsassociatedwith usingtheEM algorithmto adaptaGaussian

mixturemodel.How might theseproblemsbeovercome?



4. (2000paper- with slightmodification)

(a) Describethemajorapproachesto trainingradial basisfunction(RBF)neuralnetworks.

(b) (i) A radialbasisfunctionnetwork is to beusedfor a regressionproblem. A training
datasetof input-outputpairs, � �=<?>A@:D # <Q>R@+�²D�>¾�¿$ÀHJH7H � is available. If thehidden-
layerfunctionsarechosento beGaussian,whataretheappropriateerrorfunctions
for supervisedandunsupervisedtrainingof theGaussianbasisparameters?

(ii) How may matrix pseudo-inversemethodsbe usedto determinethe weightscou-
pling thehidden-layerGaussianfunctionsto theoutputnodeof thenetwork?

(c) Discussbriefly thesimilaritiesanddifferencesbetweena Gaussian-basisRBF network
andtheself-organisingmap(SOM)

(d) Theoutputnodes(grid, or map,locations)on theSOM areto beallocatedclasslabels
using a labelledtraining dataset so that the datacan be simultaneouslyvisualised
andclassified.If eachnodeis uniquelyassociatedwith only oneclassshow that the
resultantdecisionboundariesin the data( � ) spacearepiece-wiselinear. How might
youobtainsmootherdecisionboundaries?


