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Independent component analysis (ICA) has been widely used for blind source separation in many fields such
as brain imaging analysis, signal processing, telecommunication. Many statistical techniques based on M-estimates
have been proposed in estimating the mixing matrix. Recently a few methods based on nonparametric tools are
also available. However, in-depth analysis on asymptotic efficiency has not been available. In this paper we analyze
ICA under the framework of semiparametric theories [see Bickel, Klaassen, Ritov and Wellner (1993)] and propose
a straightforword estimate based on the efficient score function by using B-spline approximations. This estimate
exhibits better performance than stardard ICA methods in a variety of simulations. It is proved that this estimate is

asymptotically efficient under moderate conditions.

1. Introduction. Independent component analysis (ICA) aims to separate blind sources from their
observed linear mixtures without any prior knowledge, where blind sources are assumed to be mutually
independent. This technique has been widely used in the past decade to extract useful features from ob-
served data in many fields such as brain imaging analysis, signal processing, telecommunication. Hyvarinen,
Karhunen and Oja (2001) described many effective applications of ICA in different fields. For example
the ICA method was shown able to separate artifacts from magnetoencephalography (MEG) data, without
modelling the process that generated the artifacts, by Vigario, Jousmaki, Hamalainen, Hari and Oja (1998).

The standard ICA models an m x 1 random vector X (e.g., instantaneous magnetoencephalogical image)
by linear mixtures of m mutually independent random variables (Sy,---,S,,) (e.g., artifacts, other brain

activities), but each S;’s distribution is totally unknown. That is, for S = (S1,---,S5,,)7 and some m x m
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matrix 6,
X = 08§ (1)

Here 6 is called the mixing matrix, assumed nonsingular. Given n independent observations (X1, .-, X™)
from the distribution of X, it is desirable to estimate 6 and thus to separate each S; = (071 X);. Let W = 6!
(called the unmixing matrix). Then the aim is equivalent to finding a W such as S = WX has mutually
independent components. This can be seen as a projection pursuit problem in seeking for m directions such
that the corresponding projections are most mutually independent.

It was shown by Comon (1994) that W is identifiable up to scaling and permutation of its rows if at
most one of S’s components is normal. The model (1) can be viewed as a semiparametric model with
parameters (W,rq,---,7,), where r; parametrizes S;’s density/mass function. In this paper, W is the
parameter of interest and (71, -, 7,,) which themselves can only be identified up to permutation and scale
are the nuisance parameters.

Since ICA was motivated by neurophysiological problems in the early 1980s [e.g., Hyvarinen, Karhunen
and Oja (2001)], there have been many methods proposed to estimate W. They fall into two classes. One
class involves specifying a particular parametric model for each r; and then optimizing contrast function
suggested by the model of the data and (W,ry,---,7,) as a function of the latter. The primary examples
of this approach are maximum likelihood (ML) [e.g., Pham and Garrat (1997) and Lee, Girolami and
Sejnowski (1999)] or equivalently minimizing mutual information [e.g., Comon (1994)], minimizing high-
order correlation between W X’s components [e.g., Cardoso (1999)], and maximizing the non-gaussianity
of WX’s components [e.g., Hyvarinen (1999)]. The second approach is to view ICA as a semiparametric
model and assume nothing about the distribution of the components of S. Thus two distinct goals can
be formulated. (i). To find estimates W of W which are consistent or even better V/n consistent, that is,
W = W + O,(n~"/?). (ii). To find procedures which achieve the information bound, that is, estimates
of W which are asymptotically normal and have smallest variance-covariance matrix among all estimates
which are in a suitable sense uniformly asymptotically normal - see for instance Bickel, Klasseen, Ritov and
Wellner (1993) (BKRW). Amari (2002) formally demonstrated that to achieve the information bound in
this situation, estimates had to be based on methods which estimated the densities of the sources. In fact
it can even be shown [Cardoso (1998)] that for any fixed estimating equation corresponding to maximizing

an objective function, there is a possible distribution of sources for which the global maximizer which is a



solution of the estimating equation is inconsistent, despite the consistency of a local solution near the truth.

Recently, some nonparametric methods to estimate W have appeared. For example, Bach and Jordan
(2002) proposed: 1) To reduce the dimension of the data using a kernel representation; 2) To choose W
so as to minimize the empirical generalized variance between the components of W .X. Hastie and Tibshi-
rani (2002) proposed maximizing the penalized likelihood as a function of (W,rq,---,7,,) and Vlassis and
Motomura (2001) proposed maximizing the likelihood by using Gaussian kernel density estimation. The
Vlassis-Motomura and Hastie-Tibshirani methods are of the same type as ours but in both cases, neither
was a method of tuning suggested nor was anything proved about the property of the procedures. Various
performance analyses have been made using simulations. However, none of these procedures have been ana-
lyzed theoretically. Samarov and Tsybakov (2002) proposed and analyzed an estimate \/n consistent under
mild conditions. We [Chen and Bickel (2004)] analyzed in detail a characteristic-function based method
[Eriksson and Koivunen (2003)] and showed it to be consistent under the minimal identifiability conditions
and /n consistent under mild conditions. Our concern in this paper is the construction of efficient estimates.
We develop an efficient estimator by using a sieve profile likelihood technique starting the algorithm at a
consistent point. The characteristic-function based ICA algorithm PCFICA [Chen and Bickel (2004)] is used
both theoretically and in our simulations for this critical starting point.

In the following, we analyze the ICA model (1) in the framework of semiparametric models [see, e.g.,
BKRW] and propose a new method of estimating W using the efficient score function, as developed in Section
2. The main theorem is given in Section 3. Numerical studies are given in Section 4. Section 5, Section 6
and an appendix contain the technical details.

Notations: In this paper, W denotes an m x m matrix, W; and W;; denote the ith row and the (7, j)th
element of W separately. The superscript 7 denotes the transpose of a matrix or vector. For any matrix A,

1]l = /ir(ATA).

2. Semiparametric inference.

2.0. Efficient estimates for semiparametric models. In this subsection we review briefly the salient
features of estimation in semiparametric models.

Given a semiparametric model, X', -+, X" i.i.d {Poy:0€QcC R n € £}, where £ is a subset of a

function space, estimates 6,, of 0 are called regular if \/ﬁ(én — ) converges in law uniformly in P, , ) where

nsMn

(0, M) converges to (0p,m0) in a smooth way. Then : a) If there is a uniformly best estimate among such



On, call it 0}, it must have the form under Py ),

1 n_ _
0 = 0+ - Z 1(X%0,1) + 0,(n~Y/?),
i=1
where 1 may be computed more or less explicitly by suitable projections in La(Pyg,,)). Closely related is the
efficient score function, I* = I(6, )1, where I(6,7) = {E9.n) (I7)}~%; b) If (A, 7,) are consistent estimates

of (,n) and some additional regularity conditions hold, then the solution of

1 & )

- ;l*w;a,ﬁn) =0 (2)
obtained by starting at (6,,,17,) is efficient. For a suitable construction of 7),(0) such that 7, (6) is efficient
for each 7 for the model Py = {Py,) : 1 € £}, it is possible to replace 1* by %, where [ is the logarithmic
likelihood function, if we take 7j,, not fixed but equal to 7, (0). We employ this approach. This and related
methods may be found in BKRW Chapter 7 and Murphy and van de Vaart (2000) who call this method
profile likelihood.

We note again that this technique is different from that which we have called type (i), known as Quasi
ML in the ICA literature which corresponds to a subset of class 1 of the estimates we have considered. The
technique is to guess some shape 7y for n and then do ordinary ML. Of course if 7 is true, then the resulting
estimate is asymptotically Gaussian and has smaller variance than the 0 we discuss. But if 7o is false then the
estimate can be inconsistent. The ICA algorithms which we compare ours to in Section 4 such as FastICA
[Hyvarinen and Oja (1997)] and Extended Infomax [Lee, Girolami and Senjowski (1998)] are of this type.
Pham and Garrat (1997) do consider parametric models such as the logsplines we introduce in Section 2.3.
However they do not suggest increasing the dimension of their model with n and hence are subject to the
difficulties with consistency that we already discussed.

In the next four subsections, we show how to implement the idea given in (2) for the ICA model. The

technical analysis is carried out in Section 3 under the framework of generalized M-estimates [see e.g., BKRW].

2.1. Some notation and further assumptions. Let Wp be one of the nonsingular unmixing matrices such
that S = WpX has m mutually independent components. Without loss of generality, we may assume that
det(Wp) > 0. For any row vector w € R™, we use f,, as the probability density function (pdf) of wX and

use ¢, as the density score function associated with f,, defined by ¢, (t) = —% log fu () I(fw(t) > 0).



As we mentioned earlier, in the model (1) the order and scaling of either W’s rows or S’s components
need to be defined for the identifiability of W. Here we assume that each S; has absolute median 1 to control

the scaling ambiguity, i.e., P(|S;| < 1) = 1, or equivalently

1
2/ ri(s)ds = 1. (3)

-1

Even after this choice, the correct unmixing matrix requires 2™m/! choices due to sign changes and row
permutations. This ambiguity can be resolved in many different ways, but we need not strictly specify this
since we assume in this paper that we have at hand a raw consistent starting value for Wp, say PCFICA
of Chen & Bickel (2004). Define k(s) = 2I(|s| < 1) — 1, where I(.) is an indicator function. Then (3) is

equivalent to

/k(Si)dP = 0.

We proceed to calculate 1*. The terms used in and operations needed for the following calculation may be

found in BKRW chapter 3 (page 51, 70).

2.2. Efficient score function of W. By parametrizing the model (1) with (W,r1,---,7,,), the likelihood

function of X can be expressed as

m

px(GWors, - ) = [ det(W)| [ ] rs(Wix).
i=1
The parameter of interest is W and (r1, - - -, ) are the nuisance parameters. In the following we heuristically

calculate the efficient score function of W as in Section 2.0, but refer to BKRW Chapter 3 for geometric
intuition and relevant calculus. For simplicity, we assume E[S;] = 0. For the convenience of notation, let £
be the expectation operator under P.

Let ¢;(s;) = —%log r;(si)I(ri(s;) > 0) be the density score function associated with r; and define
® by ®(s) = (¢1(51), -+, dm(sm))T, where s = (s1,--,5,)7. Then the score function of W, Iy (x) =

% log(px (x; W, r1, -+, 7m)), is equal to

iW(x) = (Lmxm — <I>(S)ST)VV7T7 where s = Wx.



From this, the minimal regularity conditions for talking about effecient estimation are that each r; should

be absolutely continuous, W nonsingular, and
E[¢:(Si)?] < oo and E[S?] < occ. (4)

To calculate the tangent vectors for each nuisance parameter r;, we take the representation r;(-;t) =

ri(-)e! ) for t € R close to 0, then the tangent vector w.r.t h; is
o 0
llmltt_,oﬁ logpx (x; W1, (5 8), ) = hi(Wix).

Since 7;(+; t) needs to be a probability density function and to satisfy the mean and absolute median assump-
tions, h; needs to satisfy E[h;(S;)] = 0, E[h;(S;)S;] = 0, E[h;(S;)k(S;)] = 0 and is otherwise arbitrary. Thus

the tangent space of the nuisance score of r; can be expressed as
TS; = {hi(Wix) € La(Piwy))|E[hi(Si)] = 0, E[hi(S;)Si] = 0, E[hi(S;)k(S;)] = 0}.

Notice that the tangent spaces {T'S; : 1 < i < m} are perpendicular to each other since S;s are mutually
independent. Thus any projection onto the tangent space of (ry,---,r,,) is equal to the summation of the

partial projection onto each T'S;. The efficient score of W can then be expressed as
FWe) = dw =) wlw|TS)),
i=1

where 7(.|L) denotes the projection operator in the Hilbert space Lo(Pw,r,,....r,,)) onto L. After some

calculation we find that the efficient score 1*(.; W, ®) is equal to
F(x; W, @) = MW T, (5)
where M is a m x m function matrix and its elements are given by

M;; = —-¢,(Wix)W;x, for1 <i#j<m, (6)

Mii = OéiWiX —|— ﬁzk(sz), fOI' ’L = 1, e,y (7)



and a = (a1, -, am)T, 8= (81, -, Bm)t,0% = (02,--+,02,)T are defined by

(1 — UZ‘)’UZ'

o (- U)oy _ 2
o = T2 B; = g o; = E[S;], (8)

(Note: Most of these formulas have been obtained by Amari and Cardoso (1997).) By the convolution
theorem on semiparametric models [ BKRW |, the information bound for regular estimators of W is
(E*1*T(X; W, ®@)]) 1, where 1*(.; W, ®) is considered as a column vector function, reshaped row by row. It
is obvious that the efficient score function only depends on (ry,---,7,,) through their density score

functions (¢1,- -+, ¢m). In the next subsection, we focus on the estimation of a density score function.

2.3. Estimating the density score function by B-spline approximations. Let ¢ = —"7/ be the density
score associated with a univariate pdf » and G be a linear space with differentiable basis functions B =
(B, -+, Bx)T. An estimator of ¢ in G can then be obtained by minimizing the mean square error c(v) for

v € RN, which is defined as

By partial integration,
c(v) = ' E[B'Bly - 2"E,[B]+E[¢7],

where E, is the expectation operator under the probability measure r(s)ds. Thus the optimal v is 74 =
(E.[BTB])"1E,.[B’], where B’ is the derivative of B, and the best approximation of ¢ in G in the sense
of mean square error is ¢g = ’ygB. This method was proposed by Jin (1992), as a variant of Cox (1985)’s
penalized estimator of ¢. Given n random samples from the density function r, 74 can be estimated by

combinations of empirical moments. So a natural estimator of ¢ is given by

bg = ’73;]37 where 7y, = (Er [BTB])_lET[BI]> (10)

and E, denotes the empirical mean operator corresponding to F,. This method has also been used to



estimate density score functions in the ICA literature, for example by Pham & Garrat (1997).
B-spline basis functions are popular choices for G. In general, the support of r is unknown and we need

to choose a working interval [b,,, b,] C supp(r), where some knots are distributed for the construction of the

Ino
basis functions. To choose b, and b, empirically, we may use for example 1% and 99% empirical quantiles.
The basic rule for adaptation is that [b,,, b,] — supp(r) very slowly as n — oo. The number of basis functions,

say NN, is an empirical smoothing parameter, which can be dealt with as usual by cross validation. Let
PE,(7) = 7"E,B"Bly-2/"E,[B]

be the empirical prediction error. In this paper, we use two-fold cross validation, that is, by splitting the
samples into two half the optimal number of knots is to minimize the average empirical prediction error after
alternatively using one half samples to estimate v and the other half to calculate the empirical prediction
error. Jin (1992) used B-spline basis functions for G and showed that the adaptive choice of N by cross

validation under weak conditions on r’s smoothness is
N = 0(n%),
where 0 < 6 < % and § depends on the tail property of r.

2.4. Estimation of W. Assume that an available starting estimate W is consistent for Wp. We show

how to construct an estimate @W of @y, and then solve
[recwawirn,c = o

Here ®yy is a data dependent function of W. Thus (X, W, <i>W) is in fact an approximate efficient score
function. Our construction is such that &y is approximately efficient in the sense that smooth functionals
of ®yy such as ffgo ffoo @W(y)dydm are efficient estimates of the corresponding population function.

For each k € {1,---,m}, we choose a sieve for ¢y, as follows. Let [b,;, bni] C R be a subset of supp(ry)
containing most of the mass of ri. For an integer ny, set ny + 4 points {b,,,, + (i — 1)dpr : 1 <& < np + 4}

as the knots , where d,,;, depends on ny through

Onk = (bnk — byp)/ (i +3),



and then construct nj cubic B-spline basis functions as in the appendix. Denote the basis functions as
B;’“) = (Br(fl), e ,B,(ZIZ),C)T, where the superscript (k) denotes the association with Sy and the first subscript
n denotes the dependence with the sample size. Given the random samples {W,X* : 1 < i < n} from
the density function fyy,, we use (10) to approximate its density score function ¢y, by using these basis
functions. Here ny is chosen by cross-validation as described in the previous subsection. To avoid further
complications, we assume that both [bnk,gnk] and ny are fixed using W once for all. That is, the ny +4

knots are fixed. In the algorithm they are random and depend on the initial estimate WO Then for any

updated Wy we have an available sieve estimator éwk for ¢, by (10), that is,
Qng = ['Yn(Wk)}TBng)a

where v, (w) = A, (w)D,(w) with A,(w) = fBng)B%k)T(wX)dPn and D, (w) = f[BELk)]’(wX)dPn. Here
[ngk)]’(a;) = (%Bﬁﬁ) (), L By, (2))7 denots its derivative and will be used thereafter.
Now we replace the efficient score function 1*(X; W, @) defined in (5) by its profile form 1*(X; W, <f>W),

where ay, 3;,02 defined in (8) and (9) are estimated by moments with plugged-in parameters (W, ®yy).

Denote their estimates by &, Bi, 62 separately, i.e. :

. (1—a;)0; » (1—4;)67
Q; = T2 2 izw, 02'2: (WiX)Qde (11)

where @; = [y _y o 2 ow, (V)I([Y| < 1)dPy, 6 = [y_yy  2YI([Y| < 1)dP,.

Let ®w = [¢w,, -, dw,,]- Define
e, (W) = /l*(X;I/V,é)W)dPn and e(WW) = /l*(X;W,(bW)dP. (12)
Let Wn be the solution of
e, (W) = 0. (13)

Let 1*(x; W) = I*(x; W, &yy) and é,(W) = s2-e,(W). Notice that —&, (W) and [T*I*T(X; W)dP, have

the same limit

_ 0e(W) |
ow "

= E[I'TT(X;Wp,®p))



with probability converging to 1, if W — Wp, as developed later in Section 5, we employ the following

approximate Newton-Rapson scheme :
WUtD  — W) 4 [/ T (X W) P, e, (WD), j =01, (14)

Note that this method does not require calculating the Hessian matrix €, (W) but achieves the same
efficiency as using the exact Newton-Rapson algorithm. The convergence and asymptotic properties of (14)
is developed in Section 3. Call W = W () defined by (14) the EFFICA, which will be used for the

simulation in Section 4.

3. Asymptotic properties. We are given W© guch that there exists &, with e, — 0, Vne, — 00

such that as n — oo,
PWO —Wp||lp < en)— 1. (15)
Recall that PCFICA does this. Let

Qn = {WeR™™ ||W—Wpl|lp<en} (16)

We need the following conditions. Let ¢w, »(2) = ¢w, (2)I(x € Dk, bnk])-

C1: Wp is nonsingular.

C2: E[Si] =0, E[S?] < oo, med(|Sk]) =1 and E(¢x(Sk))?* < oo

C3: |1k] 00 < 00, |70 < 00, suprer|try,(t)] < oco.

C4: The Uniform Law of Large Numbers (ULLN) holds for {¢w, (Wi X)X, : W € Q,}, {¢7y, (W X) X7 :
W e Q,} and for {¢y, (Wi X)W, XX; : W € Q,}.

C5: For some positive constants ci, co, 71 (t) > 16,1 if t € [b,,1, bur], otherwise 74,(t) < cadynp-

C6: supweq, |pw, nloodnk = O(1) and supweq, /I;[//k,n|006nk7 = o(1).

CT: Enégk% (bnk — b,) = 0(1), where &, 6p, and [b,,1, bnk] are as in (15) and C5.

(Note: ULLN holds for G,, iff sup,c¢,

[ 9(X)d(P,, — P)| = 0p(1), see for example van de Geer (2000).)

Condition C1-C3 can be considered as the simplified regularity conditions. Condition C1 and the finite

second moments on Sis and its density score functions in Condition C2 are among the minimal regularity

10



conditions for talking about efficiency, as we mentioned in Section 2.2. The absolute median in Condition C2
is a simple and minimal condition to make the scales of the unmixing matrix identifiable [Comon (1994)]. Tt
should be clear that the zero mean assumption in Condition C2 is in no way crucial to the general argument
as the mean can be estimated adaptively, but serves to keep algebraic complication to a minimum. Condition
C3 assumes some smoothness on the density score function ¢y for each hidden component, which is needed
so that it can be well approximated by B-splines.

Condition C4-C7 are technical conditions which we believe are far from necessary but are reasonably easy

to check and whose use enables construction of a more compact proof. As an easy example, if |px|o < 00

and \:—;,{an < oo for k =1,---,m, then by (32) supy cq, [¢w;,|ec < o0 and by (33) supg |dy, |0 < 00, thus
C4 holds. Condition C5 and C6 require that the tail of 7, be not too wiggly. Condition C6 also implies
Onr — 0. Condition C7 requires that the initial value be reasonably close to the truth and that the domain
and the number of knots of the B splines (i.e., ny, = (bux — b,1,)d,, — 3) do not grow so quickly that we lose

control of the approximation to ®yy.

Here is our main theorem.

THEOREM 1. In the ICA model (1), if (15) and C1-C7 hold fori,j,k=1,---,m, i #k and j # k. Then

with probability converging to 1 the algorithm (14) has a limit W (=) AND
V(W) —Wp) = I;flf\/ﬁ/l*(x;wp,ép)dpn+oP(1), (17)

where Igp = [ V1T (X; Wp, ®p)dP. That is, W) is Fisher efficient. (Note: (17) is considered in a vector

form.)
The proof of Theorem 1 is provided in later Sections and the Appendix.

4. Numerical studies and some computational issues. We do two groups of experiments to test
the empirical performance of the EFFICA. We generate data from known source distributions listed in Table
1 and then obtain linear mixtures of them by a known mixing matrix § = W, ! In the EFFICA, to choose
the boundaries for B-spline approximation of the density score functions, we use the maximal value between
the 1% empirical quantile minus A,, and 0% quantile as b,,;, and use the minimal value between the 99%
empirical quantile plus A,, and 100% empirical quantile as b, , where A,, = O(y/Ioglogn) is used in our

simulation. The choice of the number of knots is a key issue for EFFICA. In practice, we use two-fold cross

11



[0, N(0,1) B exp(1)+ U(0,1)

[1]. exp(1) [9]. mixture exp.

[2]. t(3) [10]. mixture of exp. and normal

[3]. lognormal(1,1) [11]. mixture Gaussians: multimodal
[4].  t(5) [12]. mixture Gaussians: unimodal
[5]. logistic(0,1) [13]. exp(1) vs normal(0,1)

[6]. Weibull(3,1) [14]. lognormal(1,1) vs normal(0,1)
[7]. exp(10)+normal(0,1) [15].  Weibull(3,1) vs exp(1)

Table 1: Source distributions used in the simulations

validation (CV) as we mentioned in Section 2.3 to calculate the best empirical prediction error associated
with the number of knots ny, which starts from ny = 1,2, - - -, and then we choose the first n; such that the
best empirical prediction error strictly decreases w.r.t the number of knots till ng. This method was used
and shown by Jin (1992) able to find an appropriate ny, where Jin used smoothing cross-validation instead
of two-fold CV.

In the first group of experiments, we use 2 hidden components, and Wp = [2,1;2,3]. The two compo-
nents in the first 12 experiments are i.i.d from one of the distributions [1]-[12], and the two components in
experiments 13-15 are independent but are from different distributions given in one of cases [13]-[15] in Table
1 separately. Each of these experiments has been replicated 400 times.

In the second group of experiments, we increase the number m of hidden components to 4, 8 and 12
separately (the detailed setup of the sample sizes and replication times is given in Table 3). The m hidden
components are chosen in order from the first m source distributions of [0], [1], ---, [11] in Table 1, and
without loss of generality we use the identity matrix for Wp.

Comparisons are made with five existing ICA algorithms: the FastICA algorithm with the options of
“symmetric” and “tanh” [Hyvarinen & Oja (1997)], which is equivalent to Quasi ML by specifying the density
score function of each hidden source by the optimal one between —2tanh(-) and tanh(-) — -, the Jade-
ICA algorithm [Cardoso (1999)], the extended Infomax algorithm [Lee, Girolami & Sejnowski (1998)], the
KernellCA-Kgv algorithm [Bach & Jordan (2002)], and the PCFICA algorithm [Chen & Bickel 2004)] which
has been analyzed thoroughly. We used the estimate obtained by PCFICA as the initial value for EFFICA
and KernellCA-Kgv. For computational simplicity, we use FastICA’s estimate to initiate PCFICA. Note
that restarting is necessary for PCFICA since the algorithm is not convex. The performance of each algo-
rithm is measured by both the Frobenius error, i.e., dp(W,Wp) = ||[WWp5' — I|| after suitable rescaling

and permutation on rows of both W and Wp, and the so-called Amari error d A(W, Wp) [Amari, Cichocki

12



& Yang (1996)]:

momeo
V. W) = % Z(EZL;”@; Z %axlltllj -,
i=1
where V,W are rescaled into V,W separately such that each row of V and W has norm 1, and a;; =
(VW=1);;. It is noticed that d(V,W) is invariant to permutation and scaling of the rows of V' and W,
is always between 0 and (m — 1), and is equal to zero if and only if V' and W represent the same row
components. For each experiment in the first group of simulation with 400 replications, we report in Table

2, the average Amari error, and the square root of mean square error v M SE which is defined by

1 #(repl) 0
MSE = N2 /m
#(Tepl) ; ( F) /

(Note: dgi) denotes the Frobenius error for the i-th replication and #(repl) is the number of replications).
For the second group of simulation, we report the boxplots of the Amari errors (see Figure 1) and VMSE
in Table 3.

From the simulation results we can see that in most experiments the parametric methods (FastICA,
JADE, ExtImax) behave worse than the nonparametric methods (PCFICA, Kgv, EFFICA), and that the
EFFICA has both the smallest Amari errors and smallest Frobenius errors in most experiments, while the
Kernell CA-Kgv, which we conjecture can be efficient with appropriate regularization, is the best in cases
of mixture Gaussians. As a tradeoff of their good statistical performance, the three nonparametric ICA

algorithms require heavier computation than the three parametric ICA algorithms.

5. Proof of Theorem 1. The solution of the efficient score equation given by (12) can be viewed as a
generalized M-estimator (GM-estimator). The existence/uniqueness, convergence and asymptotic linearity
of GM-estimators have been studied in BKRW (the Iteration Theorem in Appendix A.10.2, page 517).
Suppose that M, (0, P,) is a functional of § € Q (a subset of a finite Euclidean space) and P, but is
not necessarily linear with P,. The subscript n in M, allows the existence of a possible smoothing or
sieve parameter dependent on n. The zero of M, (0, P,) w.r.t 0 is called a generalized M-estimator. Let

M(0,P) = M (0, P). We review the conditions of the Iteration Theorem.

[GM1]. M(0p,P) =0 and p € Q is the unique solution of M (6, P) =0 in .
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pdfs | Fast Jade  Extlmax  Pcf Kgv  EFFICA
1 37 39 34 18 14 7]
(63) (47 (40) (22) (A7) (8)
2 36 36 35 33 29
(163) (48)  (43)  (43) (39  ([37)
3 33 31 19 16 14 5]
(172)  (49) (23) (199 @17 (6
4 50 41 60 61 60
(70) (61) (19 (7)) (12)  (78)
5 85 87 109 99 128
(137)  (108))  (164)  (136) (120)  (179)
6 42 43 32 18 15 7]
(133)  (59) (40) (21) A7) (8)
7 43 41 35 18 15 9
(145) (51 (68)  (22) (18) (11}
8 36 44 35 21 19 17
(70) (68) (45  (25) (22)  ([20]
9 35 37 24 16 14 4]
(150) (39 (299 (o) (n (5]
10 | 46 59 39 44 [30] A7
(148) (13)  (4n  (52) (35]) (74
11| 28 33 27 29 [25] 25
33  (38) (32 (34 (29) (30
12 | 50 49 44 44 [39] 78
(130)  (58) (55) (52) (47 (187
13 | 65 52 185 24 19 16|
(116)  (63) (251)  (30)  (25)  ([22)
14 | 35 45 91 20 14 11
(77) (63)  (133) (25 (1) (14]
15 | 69 72 57 32 27 11|
(136)  (130) (96) (49)  (41)  (18)

Table 2: Reporting the mean of the Amari errors without brackt and vV MSE inside bracket (multiplied by 1000)
by using m = 2 sources and sample size n = 1000, where the distributions of two sources for the kth erperiment
(k=1,---,15 marked in the first column) are indezed by [k] in Table 0. For k =1,---,12, two sources have the same
distribution. The boxed numbers represent the best performance according to each experiment

case | Fast Jade Extlmax PCF Kgv EFFICA
I 7 7 14 3 3 2
I 25 30 42 19 15 14
11 26 32 42 23 23 25

Table 3: Reporting vVMSE (multiplied by 100) for ICA algorithms with the same simulations as in Figure 1
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Figure 1: Reporting the boxplots of Amari errors for ICA algorithms: case I (left) uses pdfs [0]-[3] to generate m=/
hidden sources, case II (middle) uses pdfs [0]-[7] to generate m=8 hidden sources, case III (right) uses [0]-[11] to
generate m=12 hidden sources; The X-labels represent ICA algorithms: F-FastICA, J-JadelCA, X-FExtended Infomaz,
P-PCFICA, K-Kguv, E-EFFICA; The sample sizes are 4000 for all the experiments and the replication times are 100,
100, 50 for I, II, III separately

[GM2|. M, (0p,P,) = [ g, (X)dP, + 0,(n"1/2) for some vy, € Lo(P);
[GM3]. M (0, P) is differentiable w.r.t 6 in a neighbourhood of §p and %MP is nonsingular.

For our efficient score equation M, (0, P,)) = e, (W) defined by (12), BKRW’s condition [U] becomes :
[U]. supweq, [€x(W) — &(Wp)| = op(1).

THEOREM 2 [BKRW]|. Suppose (GM1),(GM2),(GM3) with M, (0, P,) = e,(W) and (U) hold. If the starting
point satisfies P(JW(©) — Wp| < &,) — 1, then with probability converging to 1, e, (W) in (12) has a unique
root W) which is also the limit of the sequence defined by (14) except fi*i*T(X; W(j))dPn replaced by
—e, (W), and W) is asymptotically linear with the influence function —[e(Wp)]~11*(; Wp, ®p).

Theorem 2 is called the Iteration Theorem in BKRW. To prove the result of Theorem 1 w.r.t W (=) defined

by (14), we need the following claim:

[T T(X; W)dP, — [ 11T (X; W, @y, )dP| = op(1).

[V]. supweq,

Proof of Theorem 1. It is obvious that (GM1) holds under the conditions of Theorem 1 as it is the

efficient score function. (GM2), (GM3) and (U) are verified by Proposition 1, 2 and 3 below, separately.
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P, P, population, empirical law of X

W, Wy, Wi m X mmatrix, its kth row, (i, j)th element
Wp, Wpi, Wpij unmixing matrix, its kth row, (4, j)th element
Tk density function of Sy

b = —r, [Tk density score function for Sy

Op = (¢1, -, m)T function vectors

fw, density function of Wi X (fw,, = k)

dw, = —fiv,./ fw score function of Wi X (¢w,, = ér)

Oy = (dw,, -+, ow,, )T function vector

B = BW ... BET B-spline functions defined on [b,,;., bnx]
An(Wi) = [y_w x lek)(Y)BSIk)T(Y)dPn served in coefficients of ¢y, in Section 2.4
D, (W) = f(BS“ ) (Wi X)dP, served in coefficients of ¢y,

V(W) = Ap (W) 1D, (W) served as coefficients of giA)Wk

AWy) = fY:WkX B%k)(Y)B%k)T(Y)dP served in coefficients of ¢y,

D(Wy) = f(B%k))’(WkX)dP served in coefficients of Gy,

y(Wi) = AWy) "1 D(Wy) served as coefficients of gZA)Wk in (34)

g,(ﬁ) = {aTlek) ca € R™} closed linear span of B spline functions
(;BW,c = ’yn(Wk)TB%k) estimator of ¢y, in Qék) in Section 2.4
qBWk = ’y(Wk)TBglk) estimator of ¢, in G defined in (34)
Olens Wi truncation of ¢y, dyw, on [b,,1, bni]

I*(X; W, ®) efficient score function of W, defined in (5)
e(W) = [1I"(X; W, dyw)dP expectation

e, (W)= [1I"(X; W, dy)dP, empirical expectation

Table 4: List of all notations used in the proof

Thus the conclusion of the above Iteration Theorem applies here. By Prosition 4, Condition (V) holds.
Further by Proposition 2,
&(Wp) = —B1T (X; W, 0p)),

thus we have

sup |é&, (W) + /i*i*T(m;W)dPn| =op(1).
weQ,

Then by following the contraction arguments of BKRW (page 317-319), the iteration sequence given in (14)

has the same limit as that replacing fi*i*T(X; WU dP, by —é, (W) with probability converging to 1. B

6. Proposition 1-4. For convenience we list all the notations used in the following proofs in Table 4,
for k € {1,---,m}, W € Q,. It is noted that all the lemmas used in this section are provided and proved in
the Appendix. For simplicity of notation, we often write d,,; as J,, below.

PROPOSITION 1. Under the conditions of Theorem 1, we have

e,(Wp) = /l*(X; Wp, ®p)dP, + op(n~'/?).
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PROOF. Recall the definition of e, (W) given by (12) and 1*(x; W, ®) given by (5)-(9). It is sufficient to show
that for 1 < i # j < m, d; — a; = op(1), i — B = op(1), where (o, 3;) and (ds, 3;) are defined in (8) and

(11) separately, and
[own(s080P, = [ 6wy (S98;dPs + 0p(n ) (18)

where Sz = WpiX, Sj = ijX

The first two are not hard to be verified by the Law of Large Numbers and Lemma 10. Here we just show

the last argument (18). Observe that

| / uves(S)S; APy — / dwe,(S:)S;dP,| — Duw,,(5:)]8;dP,|

Il
Q
>

§

+ / Drve, (1) = 01.n(5)]S5P,]
—H/ ¢'L z (bzn ))depn|

In the following, we show that all of [1], [2] and [3] are op(n~'/2).

First by Lemma 4 and Lemma 6,

1]

|/ Yo (Wpi) =7 (Wpi))TBY (S;)S;dP,|

IN

e (Wp2) — 4 (W) 2] / B (S,)S,dP, |

= Op(l)Op(’l’L_l/z).

Further, E([2])% = LE(dw,, (Si) — dwp,n(S:))2E(S?). By Lemma 9, [¢yy,. — dwp,inloo < 02100, 1 lsos
thus by Condition C6

2] = 0260, nleOp(1) = op(n~1/?).
For [3], since P(S; ¢ [b,,;,bni]) — 0, we have

B3P = BO(S)T(S: ¢ b bl )E(S]) = o).

17



So [3] = op(n~1/?). W

PROPOSITION 2. Under Condition C1, C2, C4 in Theorem 1,e(W) is differential w.r.t W in a
neighbourhood of Wp and é(Wp) = —E[I*1*T(X; Wp, ®p)], nonsingular.

PROOF. Let Ty, (-) = %QM('), for any nonzero w € R™. By (32) after exchanging the order of derivative

and integration we have E[T,,(wX)] = 0. Then by (6) we have

Bl G W ey, = Bt (G W, 20w,

Since the left hand side (LHS) of the above is €(Wp), hence by Lemma 11 the right hand side (RHS) is

equal to
e(Wp) = —EI'TT(X;Wp, &p)]. (19)

Notice that the elements of 1*(.; Wp, ®p) are linearly independent, €(Wp) must be nonsingular. Bl

ProPOSITION 3. Under the conditions of Theorem 1, for k=1,---,m, we have
supq, | / dw, W X)XpdP,(X) — / opi(Wpi X)XpdP| = op(1), (20)
and
d .- 0
supes| [ i ow (WXOIWSXAPu(X) = [ 5 0m: Wi, Wiy XdP| = op(D). (21)

Then, Condition [U] holds.

ProoF. Notice that ( dropping superscript (i) in By henceforth)

n;

Z(/ B (Wi X)X1dP,)?

=1

||/B“ (Wi X)Xy dPy |3

ez

/ZBZI(WiX)dPn/|Xk\2dPn
=1

/ | X&|?dP,, (by Property III, page 23).

IA

IA

18



Then
suanH/Bn(WZX)XdenHQ = OP(].)

And by Lemma 4, supq,, ||vn(Wk) — v(Wi)||2 = op(1), so

supa, / b, (Wi X) XydP, (X / G (WiX) XdP|
= SUan|("Yn(Wk) _V(Wk)) /BH(WZX)Xde7L|
< supq, ||[vn(Wk) —V(Wk)||2supﬂn\|/Bn(Wz'X)XdenHz

= Op(l)Op(l).
Further, by Lemma 9, supgﬂ,@Wi(WiX) dW;.nloo < supq, c|¢>’” o002, then

SupQ |/¢W WX)Xde /QﬁW“n WX)Xde|

IN

szw%mmﬁ/MM&

= op(1), (by Condition C6).

And by Condition C4, ULLN holds for {¢w, (W; X)Xy : W € Q,}, and by Lemma 1

supo, P(W;X ¢ b, bni]) = o(1), then
supe, | [ (6w, = o) WiX)XadPa| = supa,| [ o, WX)XLTOWX [y Boi) P
= op(L).
From (23)-(25), we get
supq,, /QASWi(WZ—X)Xden(X)—/d)wi(WiX)Xden(Xﬂ = op(1).
Now by Condition C4,
supq,, /(bwi(WiX)Xkd(Pn—P)\ = op(l);
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And by continuity,

supq,, /¢W7(WZX)Xde—/¢WP7(WP1X)Xde| = 0(1) (28)

Then (20) follows from (26)-(28).
In the following, we prove (21).
Notice that

0
ow;

0
ow;

ow,(WiX) = Y (W)BY (Wi X) + ¢y, (Wi X)X (29)

It is enough to show that the following [4]&[5] hold:
[4]. supq, | [ &y, (WiX)XeW;XdP,(X) — [ ¢p;(WpiX) X Wp; XdP| = op(1);
[5]. supa, | [ 53~ VL (Wi)BS (WiX)W; XdP,(X)| = op(1).

Similar to (20), the uniform convergence of [4] can be verified by using Condition C4, C6, C7 and Lemma 1,

4, 9. Thus we only prove [5] in the following.

Notice that in [5],

0
(LHS)r < supq,||(

oy (Wil lasupa, || | BOOVXOW;XP, (30)

i Bgf)(WiX)WdePan = Op(enéglng/z). Thus it is enough to show that

By Lemma 7, supq,

supnnl\(aim%(Wi))k\Izsnéglvﬁ/2 = op(1). (31)
By taking partial derivatives,
0 0 = . b
m%(Wi) = 5WikA" (Wi)Dn(W;) + A, (Wi)mDn(Wi),
and
aVaVikA,;l(Wi) = A av?/ikAn(Wi)A,jl.
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Then

0 0
awy, = A

Now by Lemma 2-5, we get

) B ) )
supa, M%(Wi)\lz < supg, An1\|2(||MAn(Wi)|l2l|vn(Wi)|lz+\ImDn(Wi)Hz)
= 0p(6,°){0p(8n %) 0 (8, " /i) + 6,20, (1)}
= 0, /mOp(1).

Provided that 6n6;%ni = o(1) implied by Condition C7, (31) holds. Thus we have in [5] (LHS);, = op(1)

fork=1,---,m. 1

PROPOSITION 4. Under the conditions of Theorem 1, Condition [V] holds, i.e.,
supwea, | /i*i*T(X; W)dP, — /l*l*T(X; Wp, ®w,)dP| = op(1).
PROOF. By checking the elements of i*i*T(x; W), it is enough to show that for 1 < 1,5, k,1 < m,
supa, | / dw, (Wi X)dw, (W; X) X3, X1d P (X)) — / ¢pi(WpiX)op;(Wp,; X)Xp X1dP| = op(1),

supg,| / Sw, (Wi X) X X1d P (X) — / ¢pi(Wpi X)X, X;dP| = op(1),

and

supgﬂ|/$W7(W1X)ka(WJX)dPn(X) - /Qspl(WplX)ka(Wp]X)dP‘ = Op(].).

Each of these can be verified by using Lemma 1, 4, 9 and Condition C4, C7 with the similar arguments in

proving (20). W

7. Conclusion. In this paper, we put the classical ICA model under the framework of semiparametric
models and obtained an asymptotically efficient estimator for the unmixing matrix, by solving an approxi-
mate efficient score equation. The main difference between this method and popular parametric ICA methods
is that we estimate the density score functions of hidden sources adaptively. A variety of simulations have

illustrated statistical efficiency of this estimator in comparison with state-of-the-art ICA algorithms.
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APPENDIX

Some useful formulae. Let v = wW,'. Then wX = vS. If vj, # 0 for some k € {1,---,m}, then

P = [ L (AT i %5 T (s )as,

m—1 Uk Vi ik
1 =205

= Bl (—=2 ),
Uk Vg

Since f,(t) is a marginal density function of (vS,S;: 1 < j # k < m), by a standard formula [see, e.g.,

Bickel and Doksum (2001)]

1 rh =202, 055;
- _ gk &gk T —
bult) = —o BIE(— =BT s —y
1
= EE[%(Sk)\”S =t], (32)
and further calculation gives

9 ) Lt =304k 055
—bu(t) = t) — = B[k (— =2 2 p8 = 4.
gionlt) = Gh) — GBI s < (3)

Some properties of cubic B-splines. Let £; < & < --- < &y be fixed points. The first order B-spline
basis functions based on these knots can be expressed as B} (z) = I(z € [£;,&41)),i=1,-++, N — 1 and the

kth order B-spline basis functions can be obtained recursively (k > 2) by
Bi(z) = L&kal(x) + g”k—_kafl(x)’

Civh1—& ° Civr — & T

fori=1,---,N — k. It is well known that Bf(x) is differentiable w.r.t.  up to order k — 2. The first order
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derivative can be expressed as

d . k-1 ., k—1

= g - =~ - B ¥ - pRgk-1
dﬂJBl (@) Civh—1— & (@ Sivk — §i+1Bz+1 ().

We use the 4th order, so-called cubic B-splines {B# : 1 < i < N — 4} with equally spaced knots, i.e.,
€iy1—& =0 (i=1,---,N — 1) for some algorithm-determined §. For simplicity, the superscript in B} is
omitted below. The following properties of cubic B-splines will be frequently used in proving the lemmas
below (see de Boor (1978) for the details).

1). 0 < Bi(z) < 1, Bi(z)B;(x) = 0 if |i — j| > 3.

). | L B,(x)] < 671, |-L, Bi(x)| < 2672

1) 57, [Bi(@)]? < 1, 1L, [ Bi(w)]? < 65,

Supporting lemmas for Proposition 1-4. In this subsection, we prove all the lemmas used in the

proof of Propositon 1-4. Recall that for each ¢ (k =1,---,m), we have an interval [b,,, bni] and ny cubic

B-spline basis functions defined on it using equally spaced knots on it, say Bglk ) = (B(k) ~-~,B7(l’fL)k)T as in

nl>»
Section 2.4. Thus we have constructed a sequence of sieves gék) using Bglk) as basis functions. For any
W € Q,, we have a class of estimates ¢y, € G\ for ow, as defined in Section 2.4.

Let Q) = {Wg : W e Q,} for k =1,---,m. We also need an intermediate approximation function

gwk S QT(Lk) as follows. As a little confusion, for w € Q;k)7

b0 = 7(w)BP, (34)

where y(w) = A(w)~'D(w) with A(w) = [ B (wX)[BY (wX)]TdP and D(w) = [[BF)(wX)dP. Note
that the subscript w of Zw should always associate with some O for k e {1,---,m}, similarly for b

In the following ¢ denotes a constant (only dependent on the population law P), but its exact value may
vary in different places even in a line without clarification. For a column vector x € R™, ||x||2 = VxTx. For
an m x m real matrix A, ||Al|1 = mazi<i<m||Aill2, [|All2 = maz,egm oj=1|A2], [|A||F = /tr(AT A). Then
[1All2 < [[A]l-

The following Lemma 1-10 hold under the conditions of Theorem 1. Jin (1992) had similar results as

Lemma 2-4 and Lemma 8-10 about the B-spline approximation but under generally different settings.

LEMMA 1. 3“pweggf>|fw‘oo < 00, Supweﬂglk)|f1’u|oo < o0, SqueQ;’”minte[gnk,ﬁ,m]fw(t) > ¢b,, and
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sup EQ(k)P('LUX ¢ [bys5 bni]) = o(1).

PROOF. Remember that mmte[bmﬁnk]r’f(t) > ¢4, For any w € Q) llw—Wpkll2 <&, . Letv=wWy!,
then |v;| —» 0for 1 <j#k <mand |vy — 1] — 0 asn — co. Fix at € [b, buk)-
Since fi,(t) = E[%rk(t_zfi:wsj)], consider the right hand side as a function (say h) of v. By the first

order Taylor expansion,

o) = @] < enlWp'l2 {Zmaxwegml (v)\} < cen = 0(0n),

Jj=1

where by direct calculation and using C3-C4, |%h(v)| is uniformly bounded with w € Q. Thus
J
S“pweszﬁf“’mmte[bnkﬁnk]fw(t) > ¢, and SUP,, o) | fwloo < 0.

Further, SUP, o0 | fl]oo < 00 follows from |r} [~ < c0.

Finally,

P(wX € (b, bui]) = / Fult)dt

[Qn k 1En k]

/ (ri(t) — cen)dt
b

Ink 1Enk]

P(Sk € [anvgnk]) - Cen(gnk = b))

Y

Since &, (bnk, — b,,;,) = o(1) and P(Sy € [b,,, bnk]) T 1, thus

infwemlk)P(wX S [bnz,b D > P(Sk; S [ nk>bnk]) - CEn(l_)nk; - an) — 1.

|

Recall the definition of ¢y, , v (W), An(W;) and D,,(Wy) in Section 2.4 and v(w) = [A(w)]"*D(w) in
(34).

LEMMA 2. supweg(k)HD(w)Hg < ey/Mybp; 62 < eig(A(w)) < ¢d, for w € ol

PROOF. By taking the derivative of the cubic B-splines, (B(k )'(t) = 6,1 (B3;(t) — By ;41 (t)), where B},
is the third-order B-splines defined on the same knots, (i = 1,---,ny), then

Ditw)| = 5,1 [[(B0) - Bl )l
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_ 1|/B  Fu(t 4 0,)d
/ B2 (8)dt] oo < 31 ]obn

IN

So the first result holds by using Lemma 1. By Lemma 5.1 in Jin (1992), cdpmin,, kﬁnk]fw(t) < eig(A(w)) <

cénmaxte[ By fw(t), thus 62 < eig(A(w)) < cd,. B

LEMMA 3. sup, _00 || Dy (w)=D(w)||2 = 1/ 2520 p(1); sup, o0 || An(w)=A(w)[|a = |/ 24BLL0p(1).

PROOF.

P(sup,,cqml|Dn(w) = D(w)llz > 1) = Pr(supy,qml| /B%(wX)d(Pn = P)ll2 > 1)

' (wX)d(P, — P)| > %Tk)‘

A
)
<
g
S
g
Q
—
S5

For a fixed pair (i, k), let F,, = {gu(x) = B,, ;(wx) : w € lek)}. Then sup, D0, (x)|]2 < 26;2|x])2.

By definition and the Euclidean ball theory (see for example Definition 2.2 and Lemma 2.5 of van de Geer
(2000)), the bracketing entropy of F,, is bounded by for 0 < u < c£,6,,2,

He(u, Fn,P) < m log(csn5;2/u).

Further by the property I of cubic B-splines, sup, cz |guw|oo < 3, ! and by Lemma 1,

= Ynk>

supy, ez, J 19w (X)[?dP < 45, sup  _w | fuwloo- Then by Theorem 5.11 of van de Geer (2000, page 75), we
have for cmax(§;1/2,5n552) <a < ey/n,
Plsupuca/i] [ Bl (wX)d(P, = P)| = a) < expl(-cas,).
Notice that ¢, < 5%2 by Condition C7, so
P(sup,cqw||Dn(w) = D(w)l[z = ) <ng exp(—ct*nd, /ny).
Thus

ny log ng

SUPQWHDTL_DM = Oy )-

ndy,
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Similarly by using the properties I-II of cubic B-splines and the bracketing entropy tool we get

supgglk)HAn —Alla < SUPQwHAn — All1 = Op(\/dn logng /n).

LEMMA 4. supwenglk)HDn(w)Hg = 0p(0p/1), supweﬂgc)ﬂfyn(w)\h = O,(\/1i/6r), and supmlm\hn(w) —
Y(w)ll2 = op(1).
PROOF. The first result directly follows from Lemma 2 and 3. The following proves the second and third

results.

Since A;l = (A—|- A, — A)—l = A—l([ _ (An _ A)A—l)—17 and by Lemma 2 and 3
SqueQ;’“)HAn —All2]A7Y2 = 0p(1),

then

supcqw Az ll2 < sup,cqw [[ATH[2(1 = [[An — All2[|[A7H]2) ™" = 6,20p(1).

(Here we use the inequality of matrix norm ||(I 4+ A)||]2 < (1 — ||A]||2) " or any square matrix A with
[|A[l2 < 1, where I is the identity matrix.) Thus sup _,w | A Y (w) Dy (w)| = O, (/1k /61
For the last one, by Lemma 2 and 3, we have

sup,, cqm |y (w) —y(w)][2

= sup,_qul[A(Dy = D) = A, (A, — A)AT'D, ||,

< supgo {[|A7[2l[Dn = D2} + supge {[[4n — All2||Dall2[[A7H 331 + 0,(1))

_ ni logn onlogn _
= 0p(6,2)0, (1 EE) 4 0,y 220, (6 k) O (57

_5 1
= Op(dn 24/ %) = op(1). (by Condition CT7)

_1
LEMMA 5. supﬂg)H%An(w)Hg =0p(0,?), SUP (i)

2Dy (w)ls = Op(5;2) for ik = 1,---,m.
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PROOF. First notice that (dropping @ in B{)
— Ay (w) = / (B,BT + B! B!)(wX)XdP,.

By the Cauchy-Schwartz inequality,

| / BB + B/ BY],/(wX)XydP,| < \/ / (anB;Lk—l—B,’ljBnk)?(wX)dPn\/ / X24p,.
Following the proof in Lemma 3 by using the bracketing entropy, we have
SUPO<j 1 <n,|j—1| <BSUP e o) /(B iBi + BjBu)?(wX)d(P, — P) = o0,(1).
Further from Lemma 1 sup ca® | fw| is bounded, after algebraic expanion we have
SUP (0 / (Bn;jBy + By jBu)*(wX)dP < c6, "

Thus |[%An(w)]jl\ < ¢/+/3,k. By the property I of cubic B-splines, [B,,B!7];; = 0 for |j — | > 3, thus each

row of %An(w) has at most 7 nonzero elements. So

0 0 _1
a < )7 4“n - n’).
o)l < sungo |l An(w)ll = Op(6 )

For the second result, since %Dn(w) = [ Bl (wX)XdP,, we have

I%%Mm_d/mwj/iﬂ P,
\//Xk|2dP \//66 4dp,

0p(572).

A

IN

LEMMA 6. || [ BY(85:)S;dP, |2 = Op(n=/2), where S; = Wp; X, 1 <i#j < m.
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PROOF. (dropping () in B{Y B( ))

B0l [Bus)ssapalp) = B[ Bu(s)sa0)

k=1
1
= —E(Y Bni(S;)?Ss?
- (’; k(

iE(Sz).

IN
|

J

LEMMA 7. supq,, ||fB (W, X)W;XdP,||2 = Op(en0, /1), for 1 <i#j <m.

ProoOF. First

. i t
P(sup]|| /BS)(WiX)Wde(Pn = P)|l2>1) ZP sup|/B( (W, X)W;Xd(P, — P)| >
Qn

)-
st &

By using the similar arguments of bracketing entropy as that of Lemma 3, we have for cmax(d,,,0,!) <

a < ey/nd?,
P(supv/n| /BS,g(WiX)Wde(Pn —P)|>a) < exp(—ca®s;?).
Qyp
Thus

P(sup|] /Bg)(WiX)Wde(Pn —P)l2>t) < ngexp(—ct®nd, *n;t).
Q

Then supq, || [ BY (W, X)W; Xd(P, — P)||2_op(\/7W)_

Second, notice that |Bnlk (x) — Br(flz(y)\ <6,z —yl, then

supgnu/ng)(WiX)WdePH2 sup Z|/ (BUOW, X)W, X — B (Wp; X)Wp; X)dP|?)/?

SHP(Z(551EIIX\|§I\Wi = Whill2l[Willz + EJIXI[2l[Wi = Wpil|2)*)'/?
" k=1

= Oleady " yim).

IN

Thus supg, || [ BY (W, X)W, XdP,||s = Op(y/ 2208 4 o 51 /mp).
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||
LEMMA 8. E(gWi(WiX)_QSWi,n(WiX))Q < 5o, 2

(ool

PRrROOF. Since for any h € gv(f),

then

E(¢WL(W'LX) - ¢W1,n(W1X))2 S d(¢Wi,n;gn)27

where d(dw, n,Gn) = infreg, |dw; n — hloo.- Now the result follows by the Jackson type theorem [de Boor
(1978),

d(Sw,n,Gn) < O|DW, loo-

LEMMA 9. |¢W — dWinloo < C5i|¢%,n W

—/
) ‘¢WL - (b%/vi,n‘oo S c‘(bwi)n‘ooén-

PrROOF. By Theorem XII.4 of de Boor (1978), there exists a quasi-interpolant with some a € R™,

¢Wi (t) = aTBg) (t),

such that (;ASWI, simultaneously approximates ¢, , and its first derivative to optimal order, that is

|¢W,; — MWinloo = C|¢%//Zn ooa?z
and

! / " 2

|¢W1 - ¢W“n|<x> = c|¢Wi,n Ooén
So

E(bw,(WiX) — ow, n(WiX))? < cloly, n]%08.
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Together with Lemma 8, we have

E(Gw, = bw.)* = El(coef (9w,) ~ coef (Gw,)) B)? = Aalleoe () — coef (duw, I3
where ), is the minimum eigenvalue of A(W;) = E[Bgf)(WiX)Bgf)(WiX)T]. By Lemma 2, \,, > ¢§2. Thus
lleoef (Gu,) — coef (w2 < clgl, lood
and
O, = dwilee < llcoef(d,) = coef (duw,llz < cloff, uloc?.
Hence
supq,, @Wi —dwinl < supq,c|df, locbn
Further by observing |( ) loo < 0,1, we have

B, — Gwleo < llcoef(w,) — coef Gy )|2670 < el loobn:

IN

Thus

— ~1!
+ |¢W1 - ¢Wi‘oo < C|¢g{/i,n 00n-

~!
S ‘QSWl _(b{/Vi,n )

—
‘QSWl - (b{/V“n )

LEMMA 10. [(Gwp, (Sk) — ¢1(Sk))2dP, = 0p(1).
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PROOF. Observe that

/ (bwon (S1) — Ok(Sk)2dP, < 3 / (S (S1) — duyy, (SK))2dP, + / Guv, (k) — b (S)) 2P
+/¢k(5k)21(5k ¢ (b b)) AP}

First, (dropping Wpy in A,,(Wpy), D, (Wpk), A(Wpk) and D(Wpy)), by Lemma 4, ||A,'D,, — A71D||s =
0p(1), and by Lemma 2 and Lemma 3, ||Ay|l2 < ||An — A2 + ||Al]2 = 0p(1), then

/ (Do (Sk) — by (Sk))2dP, = / (3 — ) "B (5,)2dP,
< v =Bl An|2

= op(1).

A

By Lemma 9, |$ka — ®knloo = 0(1), then f(ZWPk(Sk) — ¢rn(Sk))?dP, = o0,(1). Further since P(S) ¢
[Byses brk)) 10, [ 01 (Sk)2I(Sk & [bks buk])d P = 0p(1). Hence the result follows. B

LEMMA 11. Let {p(6,n) : 6 € Q C R% n € £} be a parameteric or semiparametric model, where
is the parameter of interest. Suppose that moderate regularity conditions are satisfied and 1*(-; 6, 7) is the

efficient score function of 6 as defined in BKRW. Then

a * B B
Sl 6Py = = [IETICX56. )P,

PROOF. We only prove it for the parametric case &€ C R™. Let I(6,n) be the information matrix
of (6,n). Then by classic likelihood theory (for example, Proposition 2.4.1 of BKRW), 1*(:;0,n) = I —
(I215,")(6, n)Zg, where [; and [, are the partial derivatives of 1(-;6,m) =logp(-;0,n) w.r.t 6 and n separately.
Thus %1*(X;9,77) =11 — (L1211 (0, 1)lay — %{(112[2_21)(9,77)}1'2. Since fig(X;@,n)dP(g,n) =0, we have

9 . . - .
g} (X:0.mdPey = /lndP(e,m - (1121221)(9,77)/lmdp(e,n)-
For the information matrix we have [;; = — flw (X50,n)dPg,, (i,j = 1,2), hence the result follows by

fl*l*TdP =11 — I12]521]21 (see Proposition 2.4.1 of BKRW, page 32). For the semiparametric case, the

reader is referred to BKRW for a generalization of this proof. B
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